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ABSTRACT
This  s tu d y  had th e  fo l lo w in g  as  i t s  p u rp o s e s :  (1) to  d e te rm in e
th e  ty p e s  and f req u e n cy  o f e r r o r s  committed by s e l e c t e d  e le m e n ta ry  s t u d e n t s  
i n  t h e i r  co m p u ta tio n s  w ith  whole num bers, (2) to  d e v is e  a d i a g n o s t i c  
in s t r u m e n t  th ro u g h  which d a ta  cou ld  be c o l l e c t e d  f o r  th e  s tu d y ,  and (3) to  
d e te rm in e  i f  s p e c i f i c  ty p es  o f  e x e r c i s e s  i n  each  o p e r a t io n  were e s p e c i a l l y  
d i f f i c u l t .  The s tu d y  in c lu d e d  each  o f  th e  whole number o p e r a t i o n s —a d d i ­
t i o n ,  s u b t r a c t i o n ,  m u l t i p l i c a t i o n ,  and d i v i s i o n .
The s tu d y  was l i m i t e d  to  th e  s i x t h - g r a d e  s tu d e n t s  o f  th e  p u b l i c  
s c h o o ls  i n  L iv in g s to n  P a r i s h ,  L o u i s i a n a .  E r r o r  a n a l y s i s  was l i m i t e d  to  
e x am in a t io n  o f  w r i t t e n  work on a s e r i e s  o f  t e s t s  d e v ise d  by th e  w r i t e r .
D ata  were c o l l e c t e d  from t e s t s  a d m in is te r e d  t o  690 s tu d e n t s  d u r in g  th e  
l a s t  month o f  th e  1970-71 s c h o o l  s e s s i o n .
Each s tu d e n t  was g iv e n  th e  S c re e n in g  T e s t  i n  Whole Numbers to  p la c e  
him in  an a p p r o p r i a t e  group f o r  f u r t h e r  s tu d y .  The s c r e e n in g  t e s t  had 
s i x  s u b - p a r t s  which examined th e  s tu d e n t s  i n  th e  fo u r  o p e r a t io n s  w i th  
w hole numbers. Based on th e  r e s u l t s  o f  th e  s c o r e s  on each  o f  th e  s i x  
s u b - p a r t s  o f  th e  S c re e n in g  T e s t  i n  Whole Numbers, each  s tu d e n t  was p la c e d  
i n  one o f  t h r e e  perfo rm ance  g ro u p s .  Group One was composed o f  s tu d e n t s  
who perform ed  w i th  100 p e r c e n t  a c c u ra c y .  Group Two had s tu d e n t s  who 
d e m o n s tra ted  an  u n d e rs ta n d in g  o f th e  o p e r a t io n  b u t  e x h ib i t e d  some ev id en c e  
o f  d i f f i c u l t y .  Group Three in c lu d e d  th o se  s tu d e n t s  who cou ld  n o t  a cc u ­
r a t e l y  com ple te  any o f  the  e x e r c i s e s .
S tu d e n ts  who were p la c e d  i n  Group Two on any s u b - p a r t  o f  th e
vii
viii
s c r e e n in g  t e s t  were g iv e n  a more d e t a i l e d  d i a g n o s t i c  t e s t  in  th e  same 
o p e r a t i o n .  The d i a g n o s t i c  t e s t s  were s c o r e d ,  and each i n c o r r e c t  e x e r c i s e  
was an a ly zed  in  o r d e r  to  d e te rm in e  th e  e r r o r  which caused  th e  i n c o r r e c t  
r e s p o n s e .  Each ty p e  o f e r r o r  and i t s  f re q u e n c y  was enum era ted . The 
number o f  ty p e s  o f  e r r o r s  f o r  each group o f t e s t s  was as  f o l l o w s :  Ad­
d i t i o n ,  17; S u b t r a c t i o n ,  20; M u l t i p l i c a t i o n  I ,  14; M u l t i p l i c a t i o n  I I ,
16; D iv is io n  I ,  15; and D iv is io n  I I ,  16. R e la te d  ty p es  o f e r r o r s  were 
combined in  b ro ad  c a t e g o r i e s  such as c o m b in a t io n s ,  p ro c e d u re ,  renam ing , 
r e l a t e d  o p e r a t i o n s ,  and m is c e l l a n e o u s .  A t o t a l  o f  9172 e r r o r s  were 
a n a ly z e d .
Based on th e  p e rc e n ta g e  o f  i n c o r r e c t  e x e r c i s e s  on th e  d ia g n o s ­
t i c  t e s t s ,  D iv is io n  was th e  m ost d i f f i c u l t  o p e r a t i o n .  S u b t r a c t i o n  was 
th e  second most d i f f i c u l t  w h i le  A d d i t io n  proved  to  be l e a s t  d i f f i c u l t .
The fo l lo w in g  c o n c lu s io n s  seemed to  be w a r ra n te d :
1. A n a ly s is  o f  e r r o r s  on w r i t t e n  work can  be a p r o f i t a b l e  means
o f  g a th e r in g  d a ta  f o r  p la n n in g  group and in d i v i d u a l  i n s t r u c t i o n .
2 .  A s u b s t a n t i a l  number o f  e r r o r s  o f  unde term ined  o r i g i n  empha­
s iz e d  a need f o r  more th o ro u g h  a n a l y s i s  th ro u g h  in d i v i d u a l  c o n fe ren c e  
and w o rk -a lo u d  s e s s i o n s .
3 .  The v a r i a t i o n  among th e  s c o r e s  on th e  s c r e e n in g  t e s t s  i n d i ­
c a te d  t h a t  some f a c u l t i e s  o f  s c h o o ls  were more p r o f i c i e n t  i n  d e v e lo p ­
in g  whole number c o m p u ta t io n a l  s k i l l s  th a n  o th e r s  a l th o u g h  th e  same
b a s ic  program  was u t i l i z e d  th ro u g h o u t  th e  sy s tem .
4 .  Numerous ty p e s  o f  e r r o r s  i n d i c a t e d  a need f o r  i n d i v i d u a l i z e d ,  
d i a g n o s t i c a l l y  o r i e n t e d  i n s t r u c t i o n  i n  a l l  o p e r a t i o n s .
5 . The o p e r a t i o n  o f  d i v i s i o n  had n o t  advanced to  a l e v e l  where 
a m a jo r i t y  o f  th e  s tu d e n t s  cou ld  f u n c t io n  p r o f i c i e n t l y .
6. The t r a n s i t i o n  from th e  s u b t r a c t i v e  method to  th e  c o n v e n t io n a l  
method i n  d i v i s i o n  had n o t  b e en  com ple ted  by many s tu d e n t s  and con­
t r i b u t e d  to  th e  d i f f i c u l t i e s  e x p e r ie n c e d  by many who had made the  
t r a n s i t i o n .
7. E v idence  showed t h a t  more em phasis  sh o u ld  be p la c e d  on m as te ry  
o f  th e  b a s i c  co m bina tions  in  each  o p e r a t i o n .
8 . P r o c e d u ra l  e r r o r s  i n  whole number com puta tions  f r e q u e n t l y  
r e f l e c t e d  an in a d e q u a te  u n d e rs ta n d in g  o f  th e  number sy s tem .
Chapter 1
INTRODUCTION
Whole number c o m p u ta t io n a l  s k i l l s  i s  one o f  the  m a jo r  a r e a s  o f  
th e  e lem en ta ry  sch o o l m athem atics  c u r r ic u lu m . M aste ry  o f  th e  fu n d a ­
m enta l p r o c e s s e s  i s  no p a n ac e a ,  b u t  Buswell (1926) a b ly  p o in te d  o u t  i t s  
s i g n i f i c a n c e  when he s t a t e d :  "While a m as te ry  o f  the  fundam enta l does
n o t  g u a ra n te e  a b i l i t y  to  s o lv e  p rob lem s, a la c k  o f  knowledge o f  the  
fu ndam en ta ls  v e ry  s e r i o u s l y  i n t e f e r e s  w i th  p ro b le m -s o lv in g "  (1 9 2 6 :1 9 5 ) .
W ith in  th e  p a s t  decade  many in n o v a t io n s  in  e lem en ta ry  m athem atics  
have been  a p p l ie d  in  c la s s ro o m  s i t u a t i o n s .  D e sp i te  the  em phasis  on 
m a th e m atic s ,  th e  w r i t e r  had o f t e n  h e a rd  th e  co m p la in t  t h a t  many s tu d e n t s  
w ere g e n e r a l l y  i n e f f i c i e n t  i n  whole number c o m p u ta t io n s .  Some o f  h i s  
c o l le a g u e s  were prone to  p la c e  th e  blame on the  "new math" program .
B row nell (1956) su g g e s te d  a s o l u t i o n  f o r  th e  p rob lem  r e l a t e d  to  
b a la n c e  betw een  meaning and s k i l l .  He s t a t e d  t h a t  competence i n  compu­
t a t i o n  m ust be g iv en  i t s  r i g h t f u l  p la c e  and t h a t  a r i t h m e t i c  meanings 
w i l l  c o n t r i b u t e  to  g r e a t e r  c o m p u ta t io n a l  s k i l l s .  P r a c t i c e  sh o u ld  be 
h e ld  to  a minimum u n t i l  th e  s tu d e n t  has  p ro g re s s e d  to  m ean ing fu l h a b i t ­
u a t i o n ;  th e n  s u f f i c i e n t  p r a c t i c e  shou ld  be p ro v id ed  to  a s s u r e  m as te ry  
o f  the  s k i l l s .
THE PROBLEM
S ta te m e n t  o f  th e  Problem
The p r i n c i p a l  i n v e s t i g a t i o n  sough t answers to  two q u e s t i o n s .
What ty p e s  o f  e r r o r s  do s tu d e n t s  make i n  c o m p u ta t io n  o f  whole numbers? 
What i s  th e  f re q u e n c y  o f each  type  o f  e r r o r ?
A t h i r d  q u e s t i o n  was concerned  w i th  th e  sequence  o f  th e  program . 
Are th e r e  s p e c i f i c  a r e a s  w i t h i n  th e  developm ent o f  each  o p e r a t io n  which 
te n d  to  be e s p e c i a l l y  d i f f i c u l t ?
D e l im i ta t io n
- j
The s tu d y  was l i m i t e d  to  th e  p u b l i c  sch o o l  sy s tem  o f  L iv in g s to n  
P a r i s h ,  L o u i s ia n a .  The e n t i r e  s i x th - g r a d e  e n ro l lm e n t  o f  th e  system  was 
in c lu d e d .  The s tu d e n t s  o f  two s c h o o ls  p a r t i c i p a t e d  i n  t h a t  phase  o f  
th e  s tu d y  which deve loped  th e  in s t r u m e n t .  The rem a in d e r  o f  th e  s tu d e n t s  
was in v o lv e d  in  th e  i n v e s t i g a t i o n  o f  th e  m a jo r  p ro b lem s .
The s tu d y  a l s o  l im i t e d  i t s e l f  to  th e  a n a l y s i s  o f  e r r o r s  e v id e n t  
i n  s t u d e n t s '  w r i t t e n  work on d i a g n o s t i c  t e s t s  a d m in is te r e d  by th e  i n v e s ­
t i g a t o r .
D e f i n i t i o n  o f  Terms
C o m pu ta tiona l e r r o r . Any p ro c e d u re  t h a t  c o n t r i b u t e d  to  an i n ­
c o r r e c t  answ er.
C om pu ta tiona l com petence . The a b i l i t y  to  work w i th o u t  e r r o r  a l l  . 
e x e r c i s e s  on th e  s c r e e n in g  t e s t  w i t h i n  a g iv e n  o p e r a t i o n .
E x c e ss iv e  c o m p u ta t io n a l  r e t a r d a t i o n . The i n a b i l i t y  to  work 
c o r r e c t l y  any e x e r c i s e s  on th e  s c r e e n in g  t e s t  w i t h i n  a g iv e n  o p e r a t io n .
Im portance  o f  S tudy
T each ing , by i t s  v e r y  n a t u r e ,  m ust be d i a g n o s t i c  to  be e f f e c t i v e .
T h is  i s  e s p e c i a l l y  t r u e  in  th e  t e a c h in g  o f  s k i l l s  i n  e lem en ta ry  m athe­
m a t i c s .  The s tu d y  shou ld  p ro v id e  u s e f u l  in f o r m a t io n  f o r  th e  c la ss ro o m  
te a c h e r  i n  h i s  e f f o r t s  to  l o c a l i z e  s p e c i f i c  d i f f i c u l t i e s .  In f o rm a t io n  
r e l a t e d  to  s p e c i f i c  e r r o r s  common to  many s tu d e n t s  i s  v a lu a b le  in  p l a n ­
n in g  f o r  the  c l a s s  as a whole and f o r  g roups w i t h i n  th e  c l a s s .  Aware­
n e ss  o f  l e s s  common type  e r r o r s  i s  im p o r ta n t  in  a n a ly z in g  a l l  work and 
i n  i n d i v i d u a l i z i n g  i n s t r u c t i o n .  The i n v e s t i g a t o r  f e l t  t h a t  th o se  
t e a c h e r s  who took  an a c t i v e  p a r t  in  the  s tu d y  became more d i a g n o s t i c a l l y  
o r i e n t e d  as a r e s u l t  o f  t h e i r  r o l e .
The d a ta  c o l l e c t e d  i n  th e  s tu d y  p r e s e n te d  a com prehensive r e p o r t  
on th e  s t a t u s  o f  t h i s  p a r t i c u l a r  phase  o f th e  e lem en ta ry  m athem atics  
program  i n  L iv in g s to n  P a r i s h .  S u p e rv is o r s  o f  i n s t r u c t i o n ,  p r i n c i p a l s ,  
and c u r r ic u lu m  s tu d y  groups sh o u ld  be a b le  to  u t i l i z e  th e  f in d in g s  i n  
fo r m u la t in g  t h e i r  p la n s  f o r  im proving  th e  e lem en ta ry  m athem atics  p r o ­
gram.
S tu d ie s  by Busw ell (1926) and R o b e r ts  (1968) r e p o r t e d  some of 
th e  b a s i c  in fo r m a t io n  so u g h t  in  th e  p r e s e n t  s tu d y .  They d i f f e r e d  w ith  
th e  p r e s e n t  s tu d y  in  th e  method o f  d a ta  c o l l e c t i o n  and in  g rade  l e v e l s  
s t u d i e d .  The p r e s e n t  s tu d y ,  w ith  i t s  fo cu s  on a p a r t i c u l a r  system , w ith  
i t s  own in s t ru m e n t  f o r  d i a g n o s i s ,  and w i th  s tu d e n t s  who had  been  ta u g h t  
by one o f  th e  modern m athem atics  p rogram s, combined some o f  th e  
s t r e n g t h s  o f  the  fo rm er s t u d i e s .  A b e t t e r  u n d e r s ta n d in g  o f  th e  s t u d e n t ,  
h i s  problem s i n  c o m p u ta t io n a l  s k i l l s ,  and th e  c o m p u ta t io n a l  phase  o f  
th e  m a them atics  program was g a in e d .
Chapter 2
REVIEW OF RELATED LITERATURE
A rev iew  o f r e l a t e d  l i t e r a t u r e  r e v e a le d  t h a t  i n t e r e s t  in  d ia g n o s ­
t i c  s t u d i e s  o f  e r r o r  a n a l y s i s  was e v id e n t  i n  th e  second decade o f  th e  
p r e s e n t  c e n tu r y .  Busw ell and Judd (1925) summarized a r i t h m e t i c  s t u d i e s  
and l i s t e d  t h i r t y - o n e  d i a g n o s t i c  s t u d i e s  i n  a r i t h m e t i c  from 1909 to  1924. 
Of th e  t h i r t y - o n e  s t u d i e s ,  tw enty  were devo ted  to  th e  a n a l y s i s  o f  e r r o r s .  
Not a l l  o f  th e  tw en ty  were concerned  w i th  whole number c o m p u ta t io n s ,  b u t  
s e v e r a l  s i g n i f i c a n t  ones were in c lu d e d .  Some o f the  s t u d i e s  were o f  on ly
one o p e r a t io n  a l th o u g h  s e v e r a l  in c lu d e d  a l l  fo u r  o p e r a t io n s .
I n t e r e s t  in  s tu d y  o f e r r o r s  c o n t in u e d  th rough  th e  1 9 3 0 's  b u t  a t  
a s te a d y  d e c l i n e .  In  volumes devo ted  to  m athem atics  and s c i e n c e ,  th e  
Review o f  E d u c a t io n a l  R esearch  (1931 , 1933, 1935, 1937, 1941, 1942) had 
s p e c i a l  s e c t i o n s  devo ted  to  s t u d i e s  of e r r o r s .  A b ib l io g r a p h y  o f  d o c to r a l  
d i s s e r t a t i o n s  by Summers (1961) and Summers and S to c k l  (1961) r e i t e r a t e d  
th e  f a c t ,  t h a t  s t u d i e s  in  th e  a re a  were l i m i t e d .
A lthough  th e  number o f  i n v e s t i g a t i o n s  had d e c l in e d  by the  1 9 4 0 's ,
t h e r e  was y e t  much i n t e r e s t  in  th e  a r e a .  A t t e n t i o n  was p la c e d  more on r e ­
m ed ia l  work to  overcome th e  d i f f i c u l t i e s ,  th a n  on s t u d i e s  o f  e r r o r s .  An 
example o f  th e  em phasis was an a r t i c l e  by H o llan d  (1942) which was n o t  
b ased  on a p a r t i c u l a r  s tu d y  b u t  u t i l i z e d  th e  f i n d in g s  of p re v io u s  o n e s .
One o f  th e  e a r l y  s t u d i e s  o f  e r r o r s  was made by P h e lp s  (1 9 1 3 ) .  H is 
s tu d y  was l i m i t e d  to  a d d i t i o n  and em phasized speed and a ccu racy  i n  working
w ith  th e  b a s i c  c o m b in a t io n s .  Two hundred  s e v e n ty  e i g h t - g r a d e  s tu d e n t s
were examined. Each s tu d e n t  was g iv en  tw e n ty - f iv e  one-m inu te  co m b in a tio n
t e s t s  sp read  o v e r  a f i v e - d a y  p e r io d .
The i n v e s t i g a t i o n  u n d e r to o k  to  answ er fo u r  q u e s t i o n s :  How o f t e n
a re  e r r o r s  made on co m b in a tio n s?  What p e rc e n ta g e  o f  th e  g roup  make them? 
How do the  c o m b in a tio n s  ra n k  i n  o r d e r  o f  d i f f i c u l t y ?  What k in d s  o f  m is ­
ta k e s  a re  made?
Some o f  th e  f in d in g s  o f  P h e lp s '  s tu d y  were r e l e v a n t  to  th e  s tu d y
b e in g  r e p o r t e d .  I t  was found t h a t  c e r t a i n  " ty p e "  e r r o r s  were p r e v a l e n t
th ro u g h o u t a l l  the  s c h o o l s .  One such e r r o r  was m u l t i p l i c a t i o n  which 
o c c u r re d  m a in ly  i n  th e  ones and in  some o f th e  d o u b le s ,  such as  3 -  3 = 9 . 
A nother was i n  such e x e r c i s e s  a s  8 + 8 = 18.
P h e lp s  d i s a g r e e d  w i th  C o u r t i s  on two p o i n t s  as s t a t e d  in  h i s  
" I n s t r u c t i o n s  f o r  Making and R eco rd in g  S c o re s "  i n  g iv in g  the  C o u r t i s  
S tan d a rd  T e s t . P h e lp s  found t h a t  t h e r e  was n o t  a c lo s e  p o s i t i v e  c o r r e l a ­
t i o n  betw een speed  and a c c u ra c y .  S eco n d ly ,  P h e lp s  found fe w e s t  e r r o r s  in  
th e  z e ro  c o m b in a t io n s .
Smith (1916) s tu d ie d  v a r i a t i o n s  i n  a r i t h m e t i c  among e lem en ta ry  
s tu d e n t s  i n  g rad es  t h r e e  th ro u g h  e i g h t  i n  th e  E lem en ta ry  School o f  th e  
U n iv e r s i t y  o f  C h icago . A r i th m e t i c  t e s t s  i n  th e  C lev e lan d  Survey were 
g iv e n ,  and each  c h i l d  was asked  to  work th e  e x e r c i s e s  o r a l l y  so t h a t  
s p e c i f i c  e r r o r s  cou ld  be l o c a t e d .
The e r r o r  ty p e s  were c a te g o r iz e d  u n d e r  b ro ad  h e a d in g s  in c lu d in g  
i n c o r r e c t  co m b in a tio n  r e s p o n s e s ,  i n a b i l i t y  to  c a r r y  on two o r  more p r o ­
c e s s e s  s im u l ta n e o u s ly ,  one p ro c e s s  i n t e r f e r r i n g  w i th  a n o th e r ,  and la c k  
o f knowledge o f  th e  p r o c e s s .  C a r ry in g  and copying  f i g u r e s  were o th e r
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so u rc e s  o f  e r r o r s .
A second p u rpose  o f  the  s tu d y  was to  d e te rm in e  th e  b e s t  means of 
c o r r e c t i n g  th e  e r r o r s  a f t e r  th ey  were l o c a t e d .  The c o n c lu s io n  reach ed  
was t h a t  th e  b e s t  method was c l a s s  d r i l l  supplem ented  by in d i v i d u a l  
a s s i s t a n c e  on th e  p o in t  o f  weakness a s  d iag n o sed  by th e  t e s t .
D ia g n o s t ic  t e s t i n g  in  a r i t h m e t i c  was f u r t h e r  deve loped  by Woody 
(1916) w i th  th e  Woody A r i th m e t ic  S c a l e s . A lthough  th e  s c a l e s  were  de­
s ig n e d  to  measure ach iev em en t ,  th e  a u th o r  e x p re s s e d  th e  b e l i e f  t h a t  p e r ­
h ap s  the  d i a g n o s t i c  power o f  th e  t e s t  was i t s  m ost v a lu a b le  a s s e t .
L a t e r ,  Woody (1920) a n a ly zed  1500 e r r o r s  i n  d i v i s i o n  made by 
se v e n th  and e ig h th - g r a d e  s t u d e n t s .  He found n i n e t e e n  t y p i c a l  ty p e s  of 
e r r o r s  and gave th e  p e rc e n ta g e s  f o r  e a c h .
E r r o r  a n a l y s i s  i n  s u b t r a c t i o n ,  m u l t i p l i c a t i o n ,  and d i v i s i o n  was 
u n d e r ta k e n  by G i s t  (1 9 1 7 ) .  He examined 812 p a p e r s  o f  s tu d e n t s  who took 
th e  C o u r t i s  T e s ts  i n  th e  S e a t t l e ,  W ashing ton  s c h o o l  sy s tem . The s tu d e n t s  
w ere  in  g ra d e s  fo u r  th ro u g h  e i g h t .
G i s t  d id  n o t  a t te m p t  to  c a t e g o r i z e  th e  e r r o r s  i n t o  numerous ty p e s .  
He was v e r y  c o n s e r v a t iv e  in  t h a t  a re a  w i th  o n ly  t h r e e  ty p e s  i n  m u l t i p l i ­
c a t i o n ,  s i x  i n  s u b t r a c t i o n ,  and n in e  i n  d i v i s i o n .  He a l s o  found con­
s i d e r a b l e  c o n s ta n c y  o f  e r r o r s  i n  th e  e x e r c i s e s  on th e  same p a p e r .
A s tu d y  conducted  by Myers (1924) u t i l i z e d  s tu d e n t s  o f  e d u c a t io n  
d u r in g  t h e i r  p r a c t i c e  t e a c h in g .  Each s tu d e n t  t e a c h e r  worked w i th  one o r  
s e v e r a l  c h i l d r e n .  A r e c o rd  was k e p t  o f  o r a l  and w r i t t e n  e r r o r s  i n  whole 
number co m p u ta t io n s  made by th e  c h i l d r e n  over a p e r io d  o f  s e v e r a l  weeks. 
The w r i t e r  was n o t  as concerned  w i th  c a t e g o r i z i n g  e r r o r s  and l i s t i n g  
t h e i r  f r eq u e n cy  as he was w i th  how th e  c h i l d  re sp o n d ed  t o  th e  same 
example on o th e r  o c c a s io n s .  The c h i l d r e n  who p a r t i c i p a t e d  i n  th e  s tu d y
were i n  g ra d e s  two th ro u g h  s i x .
S e v e ra l  c o n c lu s io n s  were drawn by Myers from h i s  s tu d y .  He f e l t  
t h a t  a m is ta k e  was a v e ry  s e r io u s  m a t t e r  because  one cannot be s u re  t h a t  
th e  same m is tak e  w i l l  n o t  be r e p e a te d  in  e x a c t ly  th e  same m anner. He 
a l s o  concluded  t h a t  an i n c o r r e c t  answer i s  as d e f i n i t e  as a c o r r e c t  one . 
This  would  d im in ish  th e  r o l e  o f  what i s  o f t e n  l a b e l e d  " c a r e l e s s  m is ta k e s .
The a u th o r  a l s o  concluded  t h a t  th e r e  were s p e c i f i c  e r r o r s  made 
in  th e  method o f t e a c h in g  th e  c o m p u ta t io n a l  s k i l l s .  He f e l t  t h a t  r e a s o n ­
ing  was a v i t a l  p a r t  o f  d e v e lo p in g  th e  b a s i c  c o n c e p ts ,  b u t  t h a t  a c h i l d  
shou ld  n o t  be r e q u i r e d  to  r e a s o n  o u t  e v e ry  b a s ic  f a c t  which i s  u t i l i z e d  
i n  h i s  c o m p u ta t io n s .  There sh o u ld  always be m a s te ry  of p r e v io u s ly  p r e ­
se n te d  c o m b in a tio n s  b e fo re  new ones a re  u n d e r ta k e n .
I n  l i g h t  o f  th e  c o n c lu s io n  t h a t  an i n c o r r e c t  answer i s  as  p o s i ­
t i v e  a r e s p o n se  as  a c o r r e c t  one , th e  a u th o r  advoca ted  a r e v i s e d  system  
o f  m ark ing  which would d educt th e  number o f  i n c o r r e c t  from th e  number o f 
c o r r e c t  r e s p o n s e s .  The system  would d is c o u ra g e  th e  f o r m u la t io n  o f  i n ­
c o r r e c t  r e s p o n s e s .
One o f th e  most com prehensive s t u d i e s  of e r r o r s  to  i t s  d a te  was 
c a r r i e d  o u t  by Osburn (1924) i n  W iscons in  in  1920-21. The s tu d y  was d i ­
r e c t e d  by  Osburn w i th  the  a id  o f  sch o o l  s u p e r in t e n d e n t s ,  s u p e r v i s o r s ,  
and t e a c h e r s .  The Woody- T h e isen  P a r a l l e l  T e s ts  i n  A r i th m e t ic  were g iv e n  
to  s t u d e n t s  i n  g ra d e s  th r e e  th rough  s i x ,  and answers were l i s t e d  and 
a n a ly z e d .
The work in c lu d e d  21 ,548  wrong answers in  th e  fo u r  fundam en ta l  
o p e r a t i o n s .  The number o f  wrong answ ers i n  each o p e r a t io n  was a s  fo l lo w s  
a d d i t i o n  6107, s u b t r a c t i o n  6459, m u l t i p l i c a t i o n  4551, and d i v i s i o n  4431.
Osburn summarized th e  t y p i c a l  s o u rc e s  of e r r o r  o f  the  fo u r  
o p e r a t io n s  as f o l lo w s  (O sburn 1924, 38-39) :
1. T roub le  w i th  z e ro  co m b in a tio n s  i n  each o f  th e  fo u r  
p r o c e s s e s .
2. F a i l u r e  to  d e a l  w ith  number f a c t s  when p r e s e n te d  i n  th e  
e q u a t io n  fo rm s.
3 . D i f f i c u l t i e s  i n  column (h ig h e r -d e c a d e )  a d d i t i o n .
4 .  T roub le  i n  s u b t r a c t i o n  when a d i g i t  i n  th e  su b tra h en d  i s
g r e a t e r  th a n  th e  d i g i t  j u s t  above in  th e  minuend.
5 . I n t e r f e r e n c e  betw een w hat i s  r e q u i r e d  and what i s  a l r e a d y  
known (h a rm fu l  t r a n s f e r ) .
6. Ig n o ra n c e  o f  th e  c o m b in a tio n s  i n  a l l  o f  th e  p r o c e s s e s .
7. E s t im a t in g  th e  q u o t i e n t  in  lo n g  d i v i s i o n .
8 . C a r ry in g  i n  a d d i t i o n .
9. C a r ry in g  i n  m u l t i p l i c a t i o n .
10. B orrow ing.
11. Copying.
12. B r in g in g  down i n  lo n g  d i v i s i o n .
13. F a i l u r e  to  com ple te  th e  e x e r c i s e  even when th e  tim e i s  
s u f f i c i e n t .
I n  an e f f o r t  t o  g a in  a b e t t e r  u n d e r s ta n d in g  o f  e r r o r s  committed 
by s t u d e n t s ,  Osburn d e v is e d  a d i a g n o s t i c  t e s t  in  d i v i s i o n  which he ad­
m in i s t e r e d  to  500 s t u d e n t s .  Seven hundred  s ix t e e n  e r r o r s  were an a ly z e d .  
Of th e  t o t a l ,  39 p e r c e n t  were due to  e r r o r s  in  e s t i m a t i n g  th e  q u o t i e n t .  
E r r o r s  i n  m u l t i p l i c a t i o n  and s u b t r a c t i o n  co m b in a tio n s  acco u n ted  f o r  21 
p e r c e n t  each , o r  a t o t a l  o f  42 p e r c e n t  o f  th e  e r r o r s .  The rem a in in g
19 p e r c e n t  were  due t o  e r r o r s  i n  c a r r y in g ,  b o rro w in g ,  co py ing , b r in g in g  
down, and f a i l u r e  t o  com ple te  th e  e x e r c i s e ,
A work which may be c o n s id e re d  a c l a s s i c  i n  d i a g n o s t i c  s t u d i e s  
was conducted  by B usw ell and John  (1 9 2 6 ) .  That com prehensive  i n v e s t i g a ­
t i o n  in c lu d e d  a s tu d y  o f  eye-movements made in  column a d d i t i o n ,  time 
a n a ly s e s  o f  th e  fo u r  fundam en ta l o p e r a t i o n s ,  and d e t a i l e d  d ia g n o se s  o f  
i n d i v i d u a l  c a s e s .
The d ia g n o s i s  o f  i n d i v i d u a l  work i n  the  f o u r  fundam en ta l  o p e ra ­
t i o n s  proved  to  be e s p e c i a l l y  s i g n i f i c a n t .  One o f  th e  p r im ary  p u rp o se s  
o f  t h a t  phase  o f  th e  s tu d y  was t o  com pile an e x t e n s i v e  c a t a l o g  o f  e r r o r s  
and f a u l t y  h a b i t s  e x h i b i t e d  by s t u d e n t s  i n  t h e i r  work w ith  whole number 
c o m p u ta t io n s .  I n d i v i d u a l  work s e s s i o n s  were h e ld  w i th  the  i n v e s t i g a t o r ' s  
q u e s t io n in g  th e  s tu d e n t  where c l a r i f i c a t i o n  o f  th e  method o f  work was 
n e ed ed .
B usw ell and Jo h n  d e v ise d  t h e i r  own in s t r u m e n t  f o r  d i a g n o s i s .  The 
r e v i s e d  form  had each o p e r a t i o n  b roken  down i n t o  v a r io u s  s t e p s  o f  i n c r e a s ­
in g  d i f f i c u l t y .  Each o f  th e  s t e p s  had two e x e r c i s e s .  D ia g n o s t ic  t e s t i n g  
was conducted  on 414 s tu d e n t s  i n  a d d i t i o n ,  373 s u b t r a c t i o n ,  329 in  
m u l t i p l i c a t i o n ,  and 300 in  d i v i s i o n .  The g rade  l e v e l s  in c lu d e d  g rad es  
t h r e e  th rough  s i x .
The i n v e s t i g a t i o n  r e s u l t e d  in  th e  c a t a l o g i n g  o f h a b i t s  which 
c o n t r i b u t e d  toward i n c o r r e c t  o r  i n e f f i c i e n t  work. The number o f  h a b i t s  
e x h i b i t e d  i n  each o p e r a t i o n  were a s  f o l lo w s :  a d d i t i o n ,  t h i r t y - t h r e e ;
s u b t r a c t i o n ,  tw e n ty -se v e n ;  m u l t i p l i c a t i o n ,  f o r t y - o n e ;  and d i v i s i o n ,  f o r t y -  
o n e .  One had  to  c o n s id e r  the  f a c t  t h a t  n o t  a l l  h a b i t s  were p r e s e n t  i n  
e ac h  o f  th e  f o u r  d i f f e r e n t  g rad es  in c lu d e d  in  th e  s tu d y .
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An ex am in a t io n  o f  th e  r e s u l t s  o f  the  s i x t h - g r a d e  s t u d e n t s  r e ­
v e a le d  s e v e r a l  p e r t i n e n t  f a c t s .  With th e  e x c e p t io n  o f  m u l t i p l i c a t i o n ,  
th e  most f r e q u e n t  h a b i t  i n  each  o p e r a t i o n  was e r r o r  i n  c o m b in a t io n s .  
A lthough  t h e r e  w ere numerous h a b i t s  i n  each o p e r a t io n  as  c i t e d  above,
90 p e r c e n t  o f  th e  t o t a l  number o f  h a b i t s  e x h i b i t e d  were acco u n ted  f o r  
by a p p ro x im a te ly  50 p e r c e n t  o f  th e  h a b i t s .
The work by B usw ell and John  was a m ost s i g n i f i c a n t  c o n t r i b u t i o n  
i n  d i a g n o s t i c  s t u d i e s  in  a r i t h m e t i c .  One o f  th e  r e p o r t ' s  most w orthy  
c o n t r i b u t i o n s  was th e  i l l u s t r a t i o n s  o f h a b i t s  o f  work as  d is c o v e re d  
th ro u g h  th e  i n v e s t i g a t i o n  (B usw ell and Jo h n , 1 5 9 -1 8 7 ) .  Anyone con­
c e rn ed  w i th  d i a g n o s t i c  work w i th  th e  fundam en ta l  o p e r a t io n s  co u ld  p r o f i t  
by a s tu d y  o f  th e  i l l u s t r a t i o n s  o f  h a b i t .
L a z a r  (1928) i n v e s t i g a t e d  a r i t h m e t i c  d i f f i c u l t i e s  in  th e  fundamen­
t a l  o p e r a t i o n s .  The s tu d y  group was composed o f  f o r t y - f i v e  s ix t h - g r a d e  
s t u d e n t s .  Hie i n v e s t i g a t o r  used  th e  Monroe D ia g n o s t i c  T e s ts  to  l o c a t e  
p a r t i c u l a r  d e f i c i e n c i e s .  I n d i v i d u a l  s t u d e n t ' s  e r r o r s  were s tu d i e d  by 
e x am in a t io n  o f  t e s t  p a p e r s ,  o b s e r v a t io n  o f  s t u d e n t s  a s  th e y  worked, and 
by o r a l  e x a m in a t io n .
An in v e n to ry  o f  e r r o r s  f o r  each  o p e r a t io n  was com piled . Hie 
r e p o r t  d id  n o t  g iv e  s p e c i f i c  numbers and p e rc e n ta g e s  f o r  each  ty p e  of 
e r r o r ,  b u t  th e y  w ere l i s t e d  i n  th e  o rd e r  o f  f r e q u e n c y .
The e r r o r s  i n  a d d i t i o n  were c a t e g o r i z e d  i n t o  n in e  g ro u p s .  E r r o r s  
i n  th e  c o m b in a tio n s  were l i s t e d  as th e  most f r e q u e n t  d i f f i c u l t i e s .  C a r ry ­
in g  d i f f i c u l t i e s ,  m is re a d in g  s i g n s ,  and m is re a d in g  o r  f a i l i n g  to  re a d  
word d i s t i n c t i o n s  were l i s t e d  as f r e q u e n t  so u rc e s  o f  e r r o r s .  Less f r e ­
q u e n t  e r r o r  ty p e s  in c lu d e d  i r r e g u l a r  methods o f  a d d in g ,  f a i l u r e  to  p la c e
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addends In  p ro p e r  colum ns, m is re a d in g  the  c r u tc h  a s  p a r t  o f  th e  answ er, 
c a r e l e s s n e s s  i n  w r i t i n g  th e  answer, and i l l e g i b l e  f i g u r e s .
S u b t r a c t i o n  e r r o r s  were l i s t e d  u n d e r  seven  b a s i c  t y p e s .  Most 
f r e q u e n t  were e r r o r s  i n  c o m b in a t io n s .  L i s t e d  as v e ry  f r e q u e n t  were 
borrow ing  e r r o r s .  F re q u e n t  e r r o r s  in v o lv e d  m is re a d in g  o f  s ig n s  and word 
d i r e c t i o n s .  L ess  f r e q u e n t  s o u rc e s  o f  e r r o r s  were c o n fu s in g  minuend and 
s u b tra h e n d ,  m is re a d in g  th e  c r u tc h  as  p a r t  o f  th e  answ er, and e r r o r s  due 
to  i l l e g i b l e  f i g u r e s .
Seven ty p e s  o f  e r r o r s  were a l s o  l i s t e d  f o r  m u l t i p l i c a t i o n .  The 
same p a t t e r n  p r e v a i l e d  w i th  e r r o r s  in  co m b in a tio n  and c a r r y in g  b e in g  th e  
most f r e q u e n t .  D i f f i c u l t i e s  w i th  p a r t i a l  p ro d u c ts  v e ry  f r e q u e n t l y  con­
t r i b u t e d  to  th e  number o f  e r r o r s . M isrea d in g  s ig n s  and word d i r e c t i o n s  
were a l s o  a r e a s  o f  d i f f i c u l t i e s .  C a r e le s s n e s s  and i l l e g i b l e  f i g u r e s  
com ple ted  th e  l i s t  o f  e r r o r s  in  m u l t i p l i c a t i o n .
L a z a r ' s  s tu d y  in c lu d e d  b o th  s h o r t  d i v i s i o n  and long  d i v i s i o n .
Only th e  e r r o r s  in  long  d i v i s i o n  were summarized due to  th e  n a tu r e  o f  th e  
p r e s e n t  s tu d y .  E r r o r s  i n  c o m b in a t io n s ,  d i v i s i o n ,  m u l t i p l i c a t i o n ,  and 
s u b t r a c t i o n  proved  to  be th e  g r e a t e s t  so u rc e s  o f  e r r o r s  i n  lo n g  d i v i s i o n .  
D i f f i c u l t y  i n  e s t i m a t i n g  th e  q u o t i e n t  f i g u r e s  was a n o th e r  f r e q u e n t  type  
o f  e r r o r .  V ar io u s  ty p e s  o f  z e ro  d i f f i c u l t i e s  were r e s p o n s ib l e  f o r  a 
l a r g e  p e rc e n ta g e  o f  e r r o r s .  C a r e le s s  p lacem en t o f  q u o t i e n t  f i g u r e s  
caused  many d i f f i c u l t i e s .  D i f f i c u l t i e s  w i th  b r in g in g  down, f i n a l  r e ­
m a in d e r ,  and p lacem en t o f  p ro d u c ts  were o th e r  s o u rc e s  o f  e r r o r s .
Clemens and Neubauer (1928) made a s tu d y  o f  e r r o r s  in  m u l t i p l i ­
c a t i o n .  Two thousand  s tu d e n t s  i n  g ra d e s  fo u r  th rough  e i g h t  p a r t i c i p a t e d .  
The i n v e s t i g a t o r s  d e v ise d  t h e i r  own t e s t s  which were coded to  i d e n t i f y  
s p e c i f i c  types  o f  s i t u a t i o n s  i n  th e  p ro c e s s  o f  m u l t i p l i c a t i o n .  The
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s tu d y  was a l s o  concerned  w i th  re m e d ia l  p ro c e d u re s  and r e t e s t i n g .
From t h e i r  f i n d i n g s ,  th e  a u th o r s  concluded  t h a t  th e  cau se s  o f  
f a i l u r e  i n  m u l t i p l i c a t i o n  cou ld  be c l a s s i f i e d  u n d e r  seven  g e n e r a l  c a u s e s .  
The s i n g l e  g r e a t e s t  c o n t r i b u t o r  tow ard f a i l u r e  was th e  la c k  o f  m as te ry  
o f  h ig h e r  decade  a d d i t i o n .  From 45 p e r c e n t  to  55 p e r c e n t  o f  th e  e r r o r s  
were a t t r i b u t e d  to  t h a t  c a u s e .  C a r e l e s s n e s s ,  a c c o rd in g  to  th e  i n v e s t i ­
g a t o r s ,  acco u n ted  f o r  from 15 p e r c e n t  to  25 p e r c e n t  o f  the  f a i l u r e s .
Lack o f  m a s te ry  o f  th e  m u l t i p l i c a t i o n  co m bina tions  made up from 5 p e r ­
c e n t  to  15 p e r c e n t  o f  a l l  e r r o r s .  F iv e  o th e r  ty p es  o f  e r r o r s  made up 
th e  o th e r  c a u s e s .  They w ere as  f o l l o w s :  o m iss io n  o f  c a r r y in g  f i g u r e s ,
c o n fu s io n  o f  number, t r a n s p o s i t i o n  o f  f i g u r e s  i n  w r i t i n g  p ro d u c t ,  a d d i ­
t i o n  i n s t e a d  o f  m u l t i p l i c a t i o n ,  and d i s r e g a r d  o f  th e  z e ro  e n t i r e l y  when 
i n  th e  t e n s '  p l a c e .
A seco n d a ry  phase  o f  a s tu d y  on methods o f  t e a c h in g  d i v i s i o n  
by John (1930) was concerned  w i th  th e  type  o f  e r r o r s  made by f i f t h - g r a d e  
s tu d e n t s  i n  t h e i r  i n i t i a l  e n c o u n te r  w i th  d i v i s i o n .
The c o n c lu s io n s  co u ld  n p t  be g e n e r a l i z e d  due to  th e  sm a ll  s i z e  
o f  th e  sam ple . The work o f  t e n  s tu d e n t s  was a n a ly z e d .  Two groups o f  
t e s t s  were u se d ;  one group c o n ta in e d  o n e - d i g i t  d i v i s o r s  and the  o th e r  
t w o - d i g i t  d i v i s o r s .
One o f  th e  s i g n i f i c a n t  c o n t r i b u t i o n s  o f  th e  s tu d y ,  in  r e l a t i o n  
to  th e  p r e s e n t  i n v e s t i g a t i o n ,  was th e  l i s t i n g  o f  th e  v a r io u s  ty p es  o f  
e r r o r s .  The group ta u g h t  o n ly  by th e  l o n g - d i v i s i o n  method had  a t o t a l  
o f  s i x t e e n  ty p es  o f  e r r o r s  i n  d i v i s i o n  w ith  o n e -p la c e  d i v i s o r s .  Of th e  
s i x t e e n  ty p e s ,  o n ly  f i v e  ty p e s  c o n t r i b u t e d  5 p e r c e n t  o r  more to  th e  
t o t a l  number o f  e r r o r s .  E r r o r s  i n  d i v i s i o n  co m b in a tio n s  made up a p p ro x i -
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m a te ly  o n e - t h i r d  o f  th e  t o t a l  number o f  e r r o r s .  E r r o r s  i n  m u l t i p l i c a ­
t i o n  c o n t r ib u te d  a p p ro x im a te ly  20 p e r c e n t .  Almost 15 p e r c e n t  w ere  due 
t o  s u b t r a c t i o n  e r r o r s .  Problem s w i th  rem a in d ers  and z e ro s  in  th e  
q u o t i e n t  were the  m ajo r c a u se s  of e r r o r s .
There  were e ig h te e n  ty p es  of e r r o r s  made by th e  same g roup  when 
th e y  worked w ith  two and t h r e e - d i g i t  d i v i s o r s .  Only fo u r  types  co n ­
t r i b u t e d  5 p e rc e n t  o r  more t o  the  t o t a l  number o f e r r o r s .  M u l t i p l i c a ­
t i o n  e r r o r s  were th e  g r e a t e s t  c o n t r i b u t o r s  and accoun ted  f o r  o v e r  40 
p e r c e n t  o f  the  t o t a l .  D iv is io n  co m bina tion  e r r o r s  made up a p p ro x im a te ­
l y  20 p e r c e n t  w ith  s u b t r a c t i o n  e r r o r s  n e a r  10 p e r c e n t .  The u se  o f  the  
wrong number of d i g i t s  in  th e  d iv id e n d  to  e s t im a te  th e  q u o t i e n t  was the  
o t h e r  m ajor cause o f  e r r o r .
Burge (1932) conducted  a s tu d y  o f e r r o r s  in  s t u d e n t s '  work in  
m u l t i p l i c a t i o n .  The work in v o lv e d  o v e r  2000 s tu d e n t s  in  g rades  f o u r  
th ro u g h  s i x .
Two methods were u t i l i z e d  in  d e te rm in in g  s p e c i f i c  e r r o r s  and 
q u e s t i o n a b le  work h a b i t s  i n  working w i th  m u l t i p l i c a t i o n .  The s t u d e n t s '  
t e s t s  were s t u d ie d ,  and in te r v ie w s  w ere h e ld  w i th  s tu d e n t s  whose work 
needed  more i n t e n s i v e  a n a l y s i s .  The m a jo r i t y  o f  th e  work was conducted  
on th e  in te r v ie w  b a s i s .
The r e s u l t s  o f  th e  i n v e s t i g a t i o n  r e v e a le d  an  e x c e e d in g ly  l a r g e  
number o f  e r r o r s  and q u e s t i o n a b le  h a b i t s .  A t o t a l  o f  s i x t y - e i g h t  e r r o r s  
and h a b i t s  were l i s t e d .  Of th e  t o t a l ,  58 p e r c e n t  were e r r o r s  and th e  
rem a in in g  42 p e r c e n t  q u e s t io n a b le  h a b i t s .  The s tu d y  i n d ic a t e d  th e  ex ­
t e n t  to  which one may c a r r y  such an a n a l y s i s .
The f in d in g s  were c l a s s i f i e d  u n d e r  seven  m ajor h ead in g s  and  p r e ­
s e n te d  i n  t a b u l a r  form . M ajor a re a s  o f  e r r o r s  were co m b in a t io n s ,
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c a r r y i n g ,  and ze ro  d i f f i c u l t i e s .
I n  an u n p u b lish e d  s tu d y  r e p o r t e d  by W ilson  (1 9 4 0 ) ,  E a r l y  i n ­
v e s t i g a t e d  s o u rc e s  o f  d i f f i c u l t i e s  in  lo n g  d i v i s i o n .  The s tu d y  i n ­
v o lv e d  236 s tu d e n t s  i n  g ra d e s  f i v e  th ro u g h  e i g h t .  The e r r o r s  w ere  
c l a s s i f i e d  i n t o  seven  ty p e s  w i th  s u b t r a c t i o n  e r r o r s  and e r r o r s  i n  e s ­
t im a t in g  q u o t i e n t  a cc o u n t in g  f o r  50 p e r c e n t  o f  th e  t o t a l .
O th e r  s t u d i e s  have shown t h a t  e s t i m a t i o n  o f th e  q u o t i e n t  was 
one o f  th e  m ajor p ro b lem s . One such s tu d y  r e p o r t e d  by B ru eck n e r  and 
Melbye (1940) was r e l a t e d  to  d i v i s i o n  w i th  tw o -f ig u re  d i v i s o r s .  Three 
g e n e r a l  ty p e s  o f  d i v i s i o n  examples were c a te g o r iz e d ,  and t h e i r  r e l a t i v e  
d i f f i c u l t y  was de te rm in ed  a c c o rd in g  to  th e  m en ta l  age o f  the  s t u d e n t s .  
S tu d e n ts  had  l e a s t  d i f f i c u l t y  w i th  exam ples in  which th e  a p p a r e n t  quo­
t i e n t  was th e  t r u e  q u o t i e n t ,  m ost d i f f i c u l t y  w i th  examples in  w hich  the  
a p p a r e n t  q u o t i e n t  was n o t  th e  t r u e  q u o t i e n t ,  w i th  the  d i f f i c u l t y  o f  
examples w i th  ze ro s  i n  th e  q u o t i e n t  f a l l i n g  betw een th e  two.
A ccord ing  to  th e  f i n d i n g s  t h e r e  was a g r e a t e r  d e g re e  o f  r e l a t i v e  
d i f f i c u l t y  between examples w h e re in  t h e  s i g n i f i c a n t  f a c t o r  was t h e  t r u t h ­
f u ln e s s  o f  th e  a p p a re n t  q u o t i e n t  th an  betw een examples w i th  o n e - f ig u r e  
and tw o - f ig u r e  d i v i s o r s .
One o f  th e  more r e c e n t  s t u d i e s  i n  d ia g n o s i s  o f  c o m p u ta t io n a l  
e r r o r s  was conducted  by R o b e r ts  (1 9 6 8 ) .  His method in v o lv e d  i t e m -  
a n a l y s i s  o f  the  t h i r d - g r a d e  c o m p u ta t io n  s e c t i o n  o f  a S ta n fo r d  A ch iev e ­
ment T e s t  g iv e n  766 t h i r d - g r a d e  s t u d e n t s .
R o b e r ts  d id  n o t  a t te m p t  to  c l a s s i f y  e r r o r s  s e p a r a t e l y  w i t h i n  
the  f o u r  o p e r a t i o n s .  He d iv id e d  th e  s tu d e n t s  i n t o  fo u r  q u a r t i l e s  acco rd ­
ing  to  g r a d e - l e v e l  s c o r e  and random ly s e l e c t e d  t h i r t y - f i v e  to  f o r t y  
p a p e rs  from  each g ro u p . The e r r o r s  w ere  d iv id e d  in to  f o u r  c a t e g o r i e s  —
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wrong o p e r a t io n ,  o b v io u s  c o m p u ta t io n a l  e r r o r ,  d e f e c t i o n  a lg o r i th m ,  and 
random re s p o n s e .  O bv iously  t h e r e  were a v a r i e t y  o f  s p e c i f i c  e r r o r  ty p e s  
w i t h i n  each o f th e  b ro a d  c a t e g o r i e s .
The a n a l y s i s  y ie ld e d  s e v e r a l  i n t e r e s t i n g  r e s u l t s .  P u r e ly  com­
p u t a t i o n a l  e r r o r s  w ere  among th e  lo w e s t ,  18 p e r c e n t  o f  th e  t o t a l ,  and 
were r e l a t i v e l y  c o n s i s t e n t  th ro u g h o u t  th e  v a r io u s  a b i l i t y  r a n g e s .  Wrong 
o p e r a t io n s  acco u n ted  f o r  th e  same p e r c e n t  o f  e r r o r s  f o r  th e  t o t a l  b u t  
was g r e a t e r  in  the  low er a b i l i t y  g ro u p s .  Random re sp o n se s  had a s i m i l a r  
p a t t e r n  o f  a g r e a t e r  p e rc e n ta g e  as a b i l i t y  d e c re a se d  and acco u n ted  f o r  
28 p e r c e n t  of the  t o t a l  number o f e r r o r s .  The g r e a t e s t  c o n t r i b u t o r  to  
f a i l u r e  was d e f e c t i v e  a lg o r i th m .  T h i r t y - e i g h t  p e r c e n t  o f  th e  t o t a l  num­
b e r  o f  e r r o r s  were due to  t h a t  c a u se .
Smith (1969) s tu d ie d  th e  e r r o r s  o f  t h i r d  and f o u r th - g r a d e  s t u ­
d e n ts  in  s u b t r a c t i o n  o f whole num bers. He found a p o s i t i v e  c o r r e l a t i o n  
e x i s t e d  betw een perform ance on s u b t r a c t i o n  and u n d e r s ta n d in g  o f  p la c e  
v a lu e  i n  th e  dec im al system . The e r r o r s  which s tu d e n t s  committed most 
f r e q u e n t l y  were r e l a t e d  to  b a s i c  s u b t r a c t i o n  c o m b in a t io n s ,  s u b t r a c t i n g  
th e  minuend from th e  s u b t ra h e n d ,  and w r i t i n g  z e ro  as an  answer in s t e a d  
o f  b o rro w in g .
With re g a rd  t o  the  ty p e  o f  in s t ru m e n t  used  in  d i a g n o s t i c  s t u d i e s ,  
a u t h o r i t i e s  g e n e r a l l y  ag ree  t h a t  in s t ru m e n ts  d e s ig n ed  e s p e c i a l l y  f o r  
d i a g n o s t i c  work a re  s u p e r i o r  t o  in fo rm a l  sam pling  o f th e  s t u d e n t s '  work 
and ach ievem ent t e s t s .  In  r e f e r e n c e  to  h i s  t e s t s ,  B rueckner  (1931) 
f e l t  t h a t  t h e i r  d e s ig n  en ab led  a t e a c h e r  to  l o c a t e  th e  s p e c i f i c  a re a  o f  
d i f f i c u l t y  i n  a g iv e n  p ro c e ss  and a l s o  p ro v id e d  a b a s i s  f o r  i n d iv id u a l  
a n a l y s i s  i n  o r d e r  t o  d i s c o v e r  th e  so u rc e  o f e r r o r .
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T here  a re  two m a jo r  u s e s  o f  a n a l y t i c a l  t e s t i n g .  One u s e ,  a c c o rd ­
in g  t o  B rueckner  (1 9 3 5 ) ,  i s  c l a s s  d i a g n o s i s .  When the  p ro c e s s  u n d e r  
e x a m in a t io n  i s  b roken  down i n t o  i t s  c o n s t i t u e n t  e lem en ts  and each e lem en t 
i s  t e s t e d ,  i t  i s  p o s s i b l e  to  l o c a t e  s p e c i f i c  a r e a s  o f  d i f f i c u l t y  f o r  th e  
c l a s s  i n  g e n e r a l .  The second u s e  i s  t o  an a ly ze  i n d iv id u a l  work to  d e t e r ­
mine th e  n a tu r e  of th e  e r r o r  made.
B rueckner l i s t e d  fo u r  g e n e r a l  methods f o r  a n a l y s i s  o f  e r r o r s ;  
one method was the  a n a l y s i s  o f  w r i t t e n  work. He p o in te d  o u t  one m ajo r  
weakness o f  th e  p ro c e d u re  which was th e  i n a b i l i t y  t o  acco u n t f o r  a l l  
e r r o r s  w i th o u t  more in f o r m a t io n  on the  th o u g h t p ro c e s s  in v o lv e d .  Even 
w i th  t h a t  i n h e r e n t  w eak n ess ,  B rueckner f e l t  t h a t  a s  a f i r s t  s t e p  in  
d i a g n o s i s ,  a n a l y s i s  o f  w r i t t e n  work sh o u ld  be u s e d .
The s tu d y  by B usw ell and John was based  on d a ta  g a th e re d  by 
d i a g n o s t i c  t e s t s  d e v is e d  by th e  a u th o r s .  The t e s t s  d iv id e d  each o p e r a ­
t i o n  i n t o  v a r io u s  p h a s e s ,  each d i f f e r e n t  from th e  p re c e d in g  one in  some 
s i g n i f i c a n t  manner. Each s t a g e  o f  developm ent w i t h i n  th e  o p e r a t i o n s  was 
t e s t e d  by two e x e r c i s e s .
In  summary, th e  s c i e n t i f i c  movement in  e d u c a t io n  had a s i g n i f i ­
c a n t  im pact upon d i a g n o s t i c  s t u d i e s  in  a r i t h m e t i c .  The s tu d y  of e r r o r s  
i n  whole number c o m p u ta t io n s  was on ly  a sm all  p o r t i o n  of a much b ro a d e r  
movement.
The scope o f  th e  s t u d i e s  v a r i e d  c o n s id e r a b ly .  Some i n v e s t i g a ­
t i o n s  were concerned  w i th  on ly  one o p e r a t i o n ,  w h i le  o th e r s  in v o lv e d  a l l  
f o u r .  Each o p e r a t io n  was th e  e x c lu s iv e  o b je c t  o f  a s tu d y .  The s tu d y  
o f  e r r o r s  i n  d i v i s i o n  seemed to  have c la im ed  th e  most a t t e n t i o n .
T here  was a l s o  a wide ran g e  i n  th e  number o f  ty p es  o f  e r r o r s  
l i s t e d  by th e  v a r io u s  i n v e s t i g a t o r s .  Of th e  s t u d i e s  rev iew ed , a m a jo r i t y
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of th e  a u th o r s  grouped th e  e r r o r s  I n to  f a i r l y  b ro a d  c a t e g o r i e s .  A 
l e s s e r  number o f  i n v e s t i g a t o r s  a t te m p te d  to  c a t a l o g  a s  many d i f f e r e n t  
ty p es  o f  e r r o r s  a s  p o s s i b l e .  B u rg e 's  i n v e s t i g a t i o n  o f  m u l t i p l i c a t i o n ,  
in  which s i x t y - e i g h t  e r r o r s  and q u e s t i o n a b le  h a b i t s  were l i s t e d ,  was an 
example o f  such an  ap p ro ach . Where s t u d i e s  l i s t e d  many ty p e s  o f  e r r o r s ,  
i t  g e n e r a l l y  was t r u e  t h a t  a l a r g e  m a j o r i t y  o f t h e  t o t a l  number o f  e r r o r s  
was cau sed  by a sm all  p e r c e n ta g e  o f  th e  t o t a l  number of ty p e s  o f  e r r o r s .  
One can n o t assume t h a t  ty p e s  o f  e r r o r s  which a c c o u n t  f o r  o n ly  a sm all 
p e rc e n ta g e  o f  the  number o f  e r r o r s  a re  u n im p o r ta n t .  T h e ir  cu m u la t iv e  
e f f e c t  can  have a g r e a t  im pac t and i s  a so u rc e  o f  r e a l  c o n ce rn  f o r  th e  
i n d i v i d u a l s  who have t h a t  p a r t i c u l a r  d i f f i c u l t y .
D ia g n o s t ic  methods g e n e r a l l y  f e l l  i n t o  one o f  two p ro c e d u re s .
The s t u d i e s  rev iew ed  were a p p ro x im a te ly  e v e n ly  d iv id e d  be tw een  the  
methods o f  a n a ly z in g  w r i t t e n  t e s t  r e s u l t s  by e x am in a t io n  o f  th e  p ap ers  
and by a n a ly z in g  t e s t  r e s u l t s  by h a v in g  th e  s t u d e n t  work a lo u d .  Each 
method had i t s  own s t r e n g t h s  and w eak n e sse s .  T here  was l i t t l e  doubt 
t h a t  th e  o r a l  method was s u p e r i o r  i n  d e lv in g  i n t o  th e  th o u g h t  p ro c e s s e s  
in v o lv ed  in  th e  c o m p u ta t io n a l  e x e r c i s e s .  The method r e q u i r e d  a c o n s id e r ­
a b le  amount o f  tim e and u s u a l l y  r e s u l t e d  i n  a s m a l l  sample b e in g  s tu d ie d  
o r  th e  invo lvem ent o f  many i n v e s t i g a t o r s .  The e x a m in a t io n  o f  w r i t t e n  
work was n o t  as  a c c u ra te  i n  a s s e s s in g  th e  cause o f  e r r o r ,  b u t  many o f  
th e  m ajo r c au se s  were d e te rm in e d .  The a n a l y s i s  o f  w r i t t e n  work made i t  
p o s s i b l e  to  s tu d y  l a r g e r  sam ples  o f  w ork.
C h ap te r  3 
METHOD OF PROCEDURE
Two f a c t o r s ,  a c c e s s a b i l i t y  and s i z e  o f  sam ple , were i n s t r u m e n ta l  
i n  t h e  s e l e c t i o n  o f  th e  s u b j e c t s  f o r  th e  s tu d y .  The L iv in g s to n  P a r i s h  
School sy s tem  met bo th  r e q u i r e m e n t s .  There  were a p p ro x im a te ly  875 
s i x t h - g r a d e  s tu d e n t s  e n r o l l e d  i n  th e  p u b l i c  s c h o o ls  o f  L iv in g s to n  
P a r i s h ,  L o u i s i a n a .  As an employee o f  th e  system , th e  a u th o r  was a b le  
to  work w i t h i n  th e  s c h o o ls  and have th e  com ple te  c o o p e r a t io n  o f  th e  
p r o f e s s i o n a l  s t a f f s  of th e  v a r io u s  s c h o o l s .
The i n i t i a l  s t e p  was to  s e c u re  p e rm is s io n  from th e  P a r i s h  S uper­
i n t e n d e n t  o f  Schoo ls  to  co n d u c t r e s e a r c h  i n  th e  s c h o o ls  o f  th e  system .
A second  p h ase  o f  th e  p r e p a r a t i o n  was to  c o n t a c t  each  sch o o l  p r i n c i p a l  
p e r s o n a l l y  and f a m i l i a r i z e  him w i th  th e  s tu d y .  W hile i n  each  s c h o o l ,  
th e  a u th o r  was p e r m i t t e d  to  c o n fe r  w ith  th e  t e a c h e r s  whose s tu d e n t s  
were  in c lu d e d  i n  th e  s tu d y .  T h is  was done to  in v o lv e  th e  t e a c h e r  in  
th e  r e s e a r c h  and to  co n d u c t th e  t e s t i n g  i n  as  n a t u r a l  a s e t t i n g  as  p o s ­
s i b l e .
DEVELOPMENT OF INSTRUMENT
The i n v e s t i g a t o r  d e te rm in ed  t h a t  i t  would be o f  v a lu e  to  d e s ig n  
h i s  own in s t r u m e n ts  f o r  g a th e r in g  d a ta  i n  th e  s tu d y .  The sc h o o l  system  
i n  w hich  th e  r e s e a r c h  was conduc ted  had u sed  one b a s i c  m athem atics  t e x t ­
book s in c e  th e  p r e s e n t  s i x t h - g r a d e  s t u d e n t s  were in  th e  f i r s t  g ra d e .
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I t  was d ec id ed  t h a t  th e  t e s t s  would be b ased  on th e  whole number o p e r ­
a t i o n s  as  p re s e n te d  in  th e  b a s i c  program.
The s c r e e n in g  t e s t  and d i a g n o s t i c  t e s t s  were d e s ig n ed  to  p a r a l l e l  
th e  sequence  o f  th e  b a s i c  p rogram . A p re l im in a r y  s t e p  was to  examine 
c l o s e l y  the  te x tb o o k s  i n  o rd e r  to  d e te rm in e  th e  deve lopm en ta l  seq u en ce .  
Textbooks f o r  g ra d e s  f o u r ,  f i v e ,  and s i x  were s tu d ie d  r e l a t i v e  t o  th e  
p r e s e n t a t i o n  o f  whole number o p e r a t i o n s .  The v a r io u s  l e v e l s  w i t h i n  
each o f  the  f o u r  o p e r a t io n s  were l i s t e d  in  o rd e r  o f  p r e s e n t a t i o n .  From 
th e  in fo r m a t io n  g a th e r e d  from a s tu d y  o f th e  te x tb o o k s ,  each o p e r a t i o n  
was d iv id e d  i n t o  s e q u e n t i a l  s t e p s  o f  developm ent. (See Appendix B .)
The sequence  was s u b j e c t i v e  on th e  p a r t  o f  th e  a u th o r  a l th o u g h  i t  c l o s e l y  
p a r a l l e l e d  th e  te x tb o o k  p r e s e n t a t i o n .  An e f f o r t  was made to  have  each 
s t e p  d i f f e r  from  th e  p re c e e d in g  one in  a s i g n i f i c a n t  manner.
The f i n a l  r e s u l t  o f  th e  sequence s tu d y  y ie ld e d  a com prehensive 
a n a l y s i s  o f  th e  developm ent s t a g e s  of whole number c o m p u ta t io n s .  Addi­
t i o n  was d iv id e d  i n to  tw e lv e  d i s t i n c t  s t a g e s .  There were e i g h t  s ta g e s  
in  th e  developm ent o f  s u b t r a c t i o n .  M u l t i p l i c a t i o n  was more complex and 
had to  be d iv id e d  i n to  t h e  two m ajo r  c a t e g o r i e s  o f  o n e - d i g i t  and two- 
d i g i t  m u l t i p l i e r s .  The o n e - d i g i t  m u l t i p l i e r s  were developed  i n  s i x  
s t e p s  and th e  t w o - d i g i t  m u l t i p l i e r s  in  seven  s t e p s .  I n  a s i m i l a r  manner 
d i v i s i o n  had two m ajor c a t e g o r i e s  o f  o n e - d i g i t  d i v i s o r s  and tw o - d i g i t  
d i v i s o r s .  Each was dev e lo p ed  i n  s i x  s t e p s .  (Appendix B i s  a com plete 
l i s t i n g  o f  th e  s e q u e n t i a l  developm ent o f  th e  fo u r  o p e r a t i o n s . )
The n e x t  t a s k  was to  d ev e lo p  the  in s t ru m e n ts  needed f o r  th e  s tu d y .  
Three ty p e s  o f  t e s t s  were needed : a s c r e e n in g  t e s t ,  d i a g n o s t i c  t e s t s ,  
and b a s i c  f a c t s  t e s t s .  The s c r e e n in g  t e s t  was composed o f a t  l e a s t  one
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e x e r c i s e  from each  o f  th e  v a r io u s  s ta g e s  o f  developm ent w i t h i n  th e  fo u r  
o p e r a t io n s  on whole num bers. The t e s t  was a t o t a l  o f  f i f t y - t w o  e x e r ­
c i s e s .  The purpose  o f  th e  s c r e e n in g  t e s t  was to  d e te rm in e  who needed to  
tak e  s p e c i f i c  fo l lo w -u p  d i a g n o s t i c  t e s t s .  The d i a g n o s t i c  t e s t s  were more 
com prehensive th a n  th e  s c r e e n in g  t e s t .  T here  were t h r e e  e x e r c i s e s  f o r  
each s t a g e  o f  th e  developm ent i n  each  o f th e  fo u r  o p e r a t i o n s .  Thus, 
A d d i t io n  had t h i r t y - s i x  e x e r c i s e s ,  S u b t r a c t i o n  had tw e n ty - f o u r ,  M u l t i ­
p l i c a t i o n  I  had e ig h te e n ,  M u l t i p l i c a t i o n  I I  had tw e n ty -o n e ,  and 
D iv is io n  I  and I I  had e ig h te e n  e x e r c i s e s  e a c h .  The b a s i c - f a c t s  t e s t s  
were made up o f a l l  f a c t s  w i t h i n  each  o p e r a t i o n .  A ta p e  r e c o r d in g  was 
made to  pace th e  s tu d e n t s  t a k in g  th e  f a c t s  t e s t s .  The tape  c a l l e d  o u t  
each f a c t  and th e  s tu d e n t s  r e c o rd e d  the answ ers  as  t h e y  fo l lo w ed  on 
t h e i r  copy o f  th e  t e s t .
To t e s t  th e  in s t r u m e n ts ,  th e  exam iner s e l e c t e d  two s c h o o ls  w i t h i n  
th e  p a r i s h  which c l o s e l y  p a r a l l e l e d  the  g e n e r a l  s c h o o l  p o p u la t io n  of th e  
system . S o u th s id e  E lem en ta ry  had a s tu d e n t  body w hich  was r e p r e s e n t a t i v e  
o f  b o th  th e  sm all  town and the r u r a l  p o p u la t io n .  F rench  S e t t le m e n t  was 
t y p i c a l  o f  th e  French  in f lu e n c e d  s o u th e rn  p o r t i o n  o f  the  p a r i s h .  Each 
schoo l had a r a c i a l  co m p o s i t io n  s i m i l a r  t o  th e  p a r i s h  as a w h o le .  The 
two s c h o o ls  had a s ix th - g r a d e  e n ro l lm e n t  o f  105 s t u d e n t s .  The t e s t i n g  
r e q u i r e d  two d i f f e r e n t  a d m i n i s t r a t i o n s .  Complete d a t a  were c o l l e c t e d  
on o n ly  n i n e t y - t h r e e  s t u d e n t s .
A good d i a g n o s t i c  in s t ru m e n t  must be  v a l i d ,  r e l i a b l e ,  and u s a b l e .  
The n a tu r e  o f  th e  t e s t  in s u re d  c o n te n t  v a l i d i t y .  The c o r r e l a t i o n  b e ­
tween th e  s c r e e n in g  t e s t  and c o r re sp o n d in g  d i a g n o s t i c  t e s t s ,  which was 
a form o f  c o n c u r re n t  v a l i d i t y ,  was d e te rm in e d  by th e  P earson  p ro d u c t -  
moment c o e f f i c i e n t .  The c o e f f i c i e n t s  o f  c o r r e l a t i o n  were as fo l lo w s :
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A d d i t io n  .5 9 ,  S u b t r a c t io n  .7 4 ,  M u l t i p l i c a t i o n  I  .8 0 ,  M u l t i p l i c a t i o n  I I  
.7 8 ,  D iv i s io n  I  .7 7 ,  and D iv is io n  I I  .8 0 .
R e l i a b i l i t y  c o e f f i c i e n t s  o f  th e  d i a g n o s t i c  t e s t s  were de te rm ined  
by K u d er-R ich ard so n  fo rm ulas  to  e s t i m a te  t e s t  r e l i a b i l i t y .  The r e s u l t s  
were th e  fo l lo w in g :  A d d i t io n  .8 8 ,  S u b t r a c t io n  .9 2 ,  M u l t i p l i c a t i o n  I
.9 3 ,  M u l t i p l i c a t i o n  I I  .9 3 ,  D iv is io n  I  .9 4 ,  and D iv is io n  I I  .92 .
The c r i t e r i a  f o r  ju d g in g  th e  u s a b i l i t y  o f  th e  in s t ru m e n ts  were 
l e n g th  o f  tim e f o r  a d m i n i s t r a t i o n  and c o n t r i b u t i o n  to  th e  s tu d y .  Two 
a l t e r a t i o n s  w ere made a s  a r e s u l t  o f  th e  u s a b i l i t y  s tu d y  o f  the  p r e ­
l im in a ry  a d m i n i s t r a t i o n .  The tim ed  t e s t  on the  b a s i c  f a c t s  was d e l e t e d  
a s  a p a r t  o f  th e  t e s t i n g  program . I t  was d e te rm ined  t h a t  i t  d id  n o t  
make a d i s t i n c t  c o n t r i b u t i o n  to  the  program under i n v e s t i g a t i o n .  I t  
was found t h a t  some s t u d e n t s  who sco re d  p o o r ly  on the  tim ed  f a c t s  d id  
v e ry  w e l l  on th e  s c r e e n in g  and d i a g n o s t i c  t e s t  w hich were n o t  t im e d .  A 
second change was in  th e  number o f  d i v i s i o n  e x e r c i s e s  in  each  s t a g e  o f  
th e  d i a g n o s t i c  t e s t s .  I n  o rd e r  to  red u ce  f a t i g u e  and keep  w i th in  s in g le  
c l a s s  p e r io d s  each  was l i m i t e d  to  f i f t y  m in u te s .  I n  o rd e r  to  s t a y  w i th ­
in  th e  tim e  l i m i t s  i t  was n e c e s s a ry  to  reduce  th e  number o f  examples in  
each  s t a g e  o f  d i v i s i o n  t o  two.
UTILIZATION OF INSTRUMENT
The f i r s t  p a r t  o f  th e  d a ta  c o l l e c t i o n  was to  a d m in i s t e r  th e  
S c re e n in g  T e s t  i n  Whole Number C om puta tions to  a l l  s i x t h - g r a d e  s t u d e n t s .  
The number o f  s tu d e n t s  i n  t h i s  p h ase  o f  t e s t i n g  was 690. In  o rd e r  to  
d is c o u r a g e  i n e f f i c i e n t  m ethods , th e  s tu d e n t s  were to ld  t h a t  the  tim e 
r e q u i r e d  by each  to  com ple te  h i s  work would be re c o rd ed  on h i s  p a p e r .
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Emphasis was p la c e d  on th e  f a c t  t h a t  th e  t e s t  was n o t  a speed t e s t ,  b u t  
th e  s t u d e n t s  were encouraged  t o  work a t  a r a t e  which in s u re d  b o th  speed 
and a c c u ra c y .  The p r e l im in a r y  t e s t i n g  o f  th e  in s t ru m e n t  had d e te rm ined  
t h a t  f i f t y  m inu te s  was s u f f i c i e n t  tim e f o r  most s t u d e n t s  who were cap ab le  
o f  p e r fo rm in g  th e  o p e r a t i o n s .  A f t e r  f i f t y  m in u te s ,  tim e was c a l l e d  by 
th e  exam iner.
The t e s t i n g  was c a r r i e d  o u t  i n  as norm al a s i t u a t i o n  as  p o s s i b l e .  
The r e g u l a r  c la s s ro o m  te a c h e r  was p r e s e n t  and a s s i s t e d  th e  exam in er .
The t e s t s  were a d m in is te r e d  i n  th e  s t u d e n t s '  own c la s s ro o m ; th e r e  was 
no com bining o f c l a s s e s  d u r in g  th e  t e s t i n g  p e r io d .  A l l  work was done on 
the  t e s t  i t s e l f  w ith  no s c r a t c h  p a p e r  a l lo w ed .
The s c r e e n in g  t e s t s  were sco red  to  d e te rm ine  which fo l lo w -u p  t e s t s  
were needed  by each s t u d e n t .  Each o f th e  s ix  s u b - p a r t s  o f  th e  t e s t  was 
c o n s id e re d  s e p a r a t e l y ;  the  o v e r a l l  s c r e e n in g  t e s t  s c o r e  was of no s i g ­
n i f i c a n c e  in  th e  s tu d y .  S e v e ra l  s tu d e n t s  may have had the same t o t a l  
s c o r e ,  b u t  some may have had a l l  e r r o r s  i n  one o p e r a t i o n  w hereas o th e r s  
may have had t h e i r  e r r o r s  d i s t r i b u t e d  th ro u g h o u t a l l  o p e r a t i o n s .  Based 
on h i s  s co re  f o r  each  s u b - p a r t  each  s tu d e n t  was p la c e d  in  one o f  th re e  
c a t e g o r i e s .  One c a te g o r y  c o n s i s t e d  of a l l  s tu d e n t s  who d i s p la y e d  com­
p u t a t i o n a l  com petence. Those s t u d e n t s  d id  n o t  p a r t i c i p a t e  in  th e  
rem a in d e r  o f  th e  s tu d y .  A second  group was made up o f  those  s tu d e n t s  
who e x h ib i t e d  e x c e s s iv e  c o m p u ta t io n a l  r e t a r d a t i o n .  N orm ally, such  
s tu d e n t s  r e q u i r e d  i n t e n s i v e  i n d i v i d u a l  c o u n s e l in g  i n  o rd e r  to  d e te rm in e  
t h e i r  p a r t i c u l a r  p ro b lem s . F o r  t h a t  r e a s o n  they  w ere  n o t  w e l l  s u i t e d  
f o r  th e  s tu d y ;  t h e r e f o r e ,  th e y  were n o t  g iv en  the  advanced d i a g n o s t i c  
t e s t s .  The t h i r d  g roup  was th e  rem a in d er  o f  th e  s t u d e n t s .  They demon­
s t r a t e d  th e  a b i l i t y  t o  pe rfo rm  some o f  th e  ta s k s  b u t  had d i f f i c u l t i e s
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i n  some a r e a s .  They were g iv e n  th e  d i a g n o s t i c  t e s t s  n e ed ed ,  based  upon 
th e  s c r e e n in g  t e s t  r e s u l t s .  I t  was p o s s i b l e  f o r  a s tu d e n t  t o  tak e  none , 
a l l ,  o r  any o f  th e  s ix  d i a g n o s t i c  t e s t s .
A second t e s t i n g  d a t e  i n  each s c h o o l  was sch ed u led  on the  d a te  
th e  s c r e e n in g  t e s t s  were a d m in i s t e r e d .  A f t e r  t h e  s c r e e n in g  t e s t s  were  
s c o re d ,  a p a c k e t  o f  the  d i a g n o s t i c  t e s t s  was made f o r  each  s tu d e n t  i n  
th e  fo l lo w -u p  g ro u p . The d i a g n o s t i c  t e s t s  were a d m in is te r e d  under con­
d i t i o n s  s i m i l a r  t o  those  d e s c r ib e d  f o r  th e  s c r e e n in g  t e s t s .  Due t o  th e  
p o s s i b i l i t y  o f  some s tu d e n t s  ta k in g  a l l  th e  d i a g n o s t i c  t e s t s ,  the  tim e 
a l lo tm e n t  had to  be ex ten d e d .  Maximum t e s t i n g  t im e  was s e v e n ty  m in u te s .  
The t e s t i n g  tim e was d iv id e d  i n t o  two s e s s i o n s  o f  t h i r t y - f i v e  m inu tes  
each w i th  a f i v e  m inute r e s t  p e r io d  be tw een .
The d i a g n o s t i c  t e s t s  were sco re d  and each  i n c o r r e c t  e x e r c i s e  was 
an a ly zed  in  an a t te m p t  to  d i s c o v e r  th e  e r r o r  in v o lv e d .  A l i s t  o f  th e  
ty p es  o f  e r r o r s  committed and t h e i r  f r eq u e n cy  was re c o rd ed  f o r  each 
o p e r a t i o n .
The f i n d i n g s  a re  p r e s e n te d  in  n a r r a t i v e  and  t a b u l a r  form. I n  
a d d i t i o n  to  the  in fo r m a t io n  r e p o r te d  on th e  d i a g n o s t i c  t e s t s ,  the  r e s u l t s  
o f  th e  s c r e e n in g  t e s t s  r e l a t i v e  to  th e  numbers i n  each o f  th e  th r e e  
c a t e g o r i e s  a re  a l s o  p r e s e n t e d .
C h ap te r  4 
PRESENTATION AND ANALYSIS OF DATA
Data f o r  th e  s tu d y  were c o l l e c t e d  by means o f  two ty p es  o f  t e s t s .  
A s c r e e n in g  t e s t  was g iv e n  t o  d e te rm in e  ap p rox im ate  f u n c t io n in g  l e v e l  
o f  each  c h i l d  in  th e  f o u r  b a s i c  o p e r a t io n s  w i th  whole num bers. A 
s e r i e s  o f  d i a g n o s t i c  t e s t s  was a d m in is te r e d  to  s tu d e n t s  whose s c r e e n in g  
t e s t  s c o r e s  i n d i c a t e d  a need f o r  a n a l y s i s .
SCREENING TESTS
S c re e n in g  t e s t s  were a d m in is te r e d  t o  a l l  s i x t h - g r a d e  s tu d e n t s  i n  
tw e lve  s c h o o ls  in  L iv in g s to n  P a r i s h ,  L o u i s i a n a .  The p u rp o se  o f  th e  
t e s t s  was to  p la c e  each  s tu d e n t  i n  one o f  t h r e e  p e rfo rm ance  groups in  
each  o f  th e  f o u r  o p e r a t i o n s .  Group One was composed o f  a l l  s t u d e n t s  who 
d e m o n s tra ted  c o m p u ta t io n a l  com petence w i th  th e  o p e r a t io n  t e s t e d .  Group 
Two in c lu d e d  th e  s tu d e n t s  who w ere  a b le  t o  s u c c e s s f u l l y  com ple te  some 
o f  the  e x e r c i s e s  w i t h i n  an o p e r a t i o n  b u t  e x p e r ie n c e d  some d i f f i c u l t y .
The s tu d e n t s  who e x h ib i t e d  e x c e s s iv e  c o m p u ta t io n a l  r e t a r d a t i o n  made up 
Group T h ree .  A t o t a l  o f  690 s t u d e n t s  to o k  th e  s c r e e n in g  t e s t s .
A d d i t io n
The r e s u l t s  o f  t h e  a d d i t i o n  s e c t i o n  o f  the  s c r e e n in g  t e s t s  i n d i ­
c a te d  t h a t  a d d i t i o n  was th e  l e a s t  d i f f i c u l t  o f  the  f o u r  o p e r a t i o n s .  A 
t o t a l  o f  398 s tu d e n t s  pe rfo rm ed  w i th  100 p e r c e n t  a c c u ra c y .  Those Group- 
One s t u d e n t s  r e p r e s e n t e d  58 p e r c e n t  of th e  t o t a l .  The ra n g e  o f th e
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p e rc e n ta g e  o f  s tu d e n t s  i n  th e  d i f f e r e n t  s c h o o ls  who sco red  a t  th e  Group 
One l e v e l  was from 47 to  70 p e r c e n t .  Hie f a c t  t h a t  no s tu d e n t  was 
p la c e d  i n  Group Three was a n o th e r  i n d i c a t i o n  o f  th e  r e l a t i v e  e a se  o f  the. 
o p e r a t i o n .
There  was a s u b s t a n t i a l  number o f  s tu d e n t s  who e x p e r ie n c e d  some 
d i f f i c u l t y  w i th  a d d i t i o n  and were p la c e d  in  Group Two. Two hundred 
n in e ty - tw o  s t u d e n t s ,  who r e p r e s e n te d  42 p e r c e n t  o f  th e  t o t a l ,  were 
p la c e d  i n  t h a t  g ro u p . The s c h o o ls  had from 30 to  53 p e r c e n t  o f  t h e i r  
s tu d e n t s  in  Group Two.
T ab le  1 shows th e  s c r e e n in g  t e s t  r e s u l t s  by in d iv id u a l  s c h o o ls  
and perfo rm ance  g ro u p .
S u b t r a c t i o n
An in s p e c t i o n  o f  th e  s c r e e n in g  t e s t s  i n  s u b t r a c t i o n  r e s u l t e d  in  
s e v e r a l  f i n d i n g s .  Compared w i th  a d d i t i o n ,  t h e r e  was a lm o s t  a com plete  
r e v e r s a l  in  Group One and Group Two. There  were 285 s tu d e n t s  in  Group 
One, who r e p r e s e n t e d  41 p e r c e n t  o f  th e  t o t a l  number of s t u d e n t s  t e s t e d .  
Group Two was composed o f 396 s tu d e n t s  o r  57 p e r c e n t  o f  th e  s tu d e n t s  
t a k in g  th e  t e s t .  The second p o in t  was th e  in c r e a s e d  ran g e  among th e  
s c h o o ls  w i th  r e g a r d  to  th e  p e rc e n ta g e  o f  th e  s tu d e n t s  in  Group One and 
Group Two. Group One ranged  from 20 p e r c e n t  to  64 p e r c e n t  o f  th e  s t u ­
d e n ts  t e s t e d  and Group Two ranged  from  32 p e r c e n t  to  78 p e r c e n t  o f  the  
s tu d e n t s  t e s t e d .
Group T h ree ,  composed o f  s tu d e n t s  w i th  e x c e s s iv e  co m p u ta t io n a l  
r e t a r d a t i o n ,  was r e p r e s e n te d  by n in e  s t u d e n t s .  T ha t number was s l i g h t l y  
more th a n  1 p e r c e n t  o f  th e  s tu d e n t s  t e s t e d .  One h a l f  o f  th e  sch o o ls  had 
a t  l e a s t  one s tu d e n t  in  Group T h ree ,  b u t  no s c h o o l  had more th a n  3 per?: 
















Screening Test Results In Addition by Schools According
to the Frequency and Percentage of Scores
in Each Performance Group
Group One Group Two
Number o f  P e rc e n ta g e  Number o f  P e rc e n ta g e
S tu d e n ts  o f  T o ta l  S tu d e n ts  o f  T o ta l
i n  Group T es ted  i n  Group T es ted
Group Three 
Number o f  P e rc e n ta g e
S tu d e n ts  o f  T o ta l
in  Group T es ted
37 507. 37 507. 0 07.
32 587. 23 427. 0 07.
64 547. 55 467. 0 07.
33 577. 25 437. 0 07.
29 477. 33 537. 0 07.
14 587. 10 427. 0 07.
53 707. 23 307. 0 07.
13 687. 6 327. 0 07.
53 657. 28 357. 0 07.
42 557. 35 457. 0 07.
8 577. 6 437. 0 07.
20 657. 11 357. 0 07.
398 587. 292 427. 0 07.
fO«T>
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The com ple te  r e s u l t s  o f  th e  s c r e e n in g  t e s t  I n  s u b t r a c t i o n  a re  
p r e s e n te d  in  T ab le  2.
M u l t i p l i c a t i o n
M u l t i p l i c a t i o n  I  was second  on ly  to  a d d i t i o n  i n  the  number o f  s t u ­
d e n ts  whose s c o r e s  p la c e d  them i n  Group One. F o r ty - n in e  p e r c e n t ,  340 
s t u d e n t s ,  worked th e  e x e r c i s e  w i th  100 p e r c e n t  a c c u ra c y .  One sch o o l  
had 75 p e r c e n t  o f  i t s  s t u d e n t s  i n  Group One. The lo w e s t  p e rc e n ta g e  f o r  
a s c h o o l  i n  Group One was 34 p e r c e n t .  <
The number o f  s t u d e n t s  i n  Group Two was q u i t e  s i m i l a r  t o  Group
One. There  were 335 s tu d e n t s  i n  Group Two, 49 p e r c e n t  o f  th e  t o t a l .
I n d iv i d u a l  s c h o o ls  ran g ed  from 25 p e r c e n t  to  62 p e r c e n t  o f  t h e i r  s tu d e n t s  
i n  Group Two.
There  was an in c r e a s e  i n  th e  number o f  s t u d e n t s  who f e l l  i n to  
Group Three as compared w ith  a d d i t i o n  and s u b t r a c t i o n .  A t o t a l  o f  f i f ­
t e e n  s t u d e n t s ,  a p p ro x im a te ly  2 p e r c e n t ,  com prised  Group T hree . Seven o f  
th e  tw e lve  s c h o o ls  had s tu d e n t s  i n  Group T h re e .  The g r e a t e s t  p e rc e n ta g e  
o f  s t u d e n t s  i n  Group T hree  in  any schoo l was 5 p e r c e n t .
T ab le  3 p r e s e n t s  com ple te  d a ta  on th e  s c r e e n in g  t e s t  i n  M u l t i p l i ­
c a t i o n  I .
M u l t i p l i c a t i o n  I I ,  which in v o lv e d  two and t h r e e - p l a c e  m u l t i p l i e r s ,  
marked th e  b e g in n in g  o f  some m a jo r  d i f f i c u l t i e s .  The d i s t r i b u t i o n  o f  
s t u d e n t s  among th e  t h r e e  groups in d i c a t e d  in c r e a s e d  p rob lem s.
There  was a s u b s t a n t i a l  d e c re a se  i n  th e  number o f  s tu d e n t s  in
Group One. Only 23 p e r c e n t  o f  th e  s tu d e n t s  were a b le  to  work a l l  th e
e x e r c i s e s  c o r r e c t l y .  Those 159 s tu d e n t s  were  from a l l  the  sch o o ls  p a r t i c ­
















Screening Test Results in Subtraction by Schools According
to the Frequency and Percentage of Scores
in Each Performance Group
Group One Group Two
Number o f  P e rc e n ta g e  Number o f  P e rc e n ta g e
S tu d e n ts  o f  T o ta l  S tu d e n ts  o f  T o ta l
i n  Group T es ted  in  Group T es ted
Gi.oup Three 
Number o f  P e rc e n tag e
S tu d e n ts  o f  T o ta l
i n  Group T es ted
29 39% 45 61% 0 0%
18 33% 36 65% 1 2%
37 31% 80 67% 2 2%
12 20% 45 78% 1 2%
28 45% 32 52% 2 3%
15 62% 9 38% 0 0%
45 59% 31 41% 0 0%
11 58% 8 42% 0 0%
46 57% 33 41% 2 2%
18 23% 59 77% 0 0%
6 43% 8 57% 0 0%
20 64% 10 32% 1 3%

















Screening Test Results in Multiplication I by Schools According
to the Frequency and Percentage of Scores
in Each Performance Group
Group One Group Two
Number o f  P e rc e n ta g e  Number o f  P e rc e n ta g e
S tu d e n ts  o f  T o ta l  S tu d e n ts  o f  T o ta l
i n  Group T e s ted  i n  Group T es ted
Group Three 
Number o f  P e rc e n ta g e
S tu d e n ts  o f  T o ta l





























lo w e s t .
Group Two had  446 s t u d e n t s ,  who r e p r e s e n t e d  a p p ro x im a te ly  65 p e r ­
c en t  o f  the  t o t a l .  The ran g e  f o r  s c h o o ls  i n  Group Two was from 52 p e r ­
c e n t  to  74 p e r c e n t  o f  th e  s tu d e n t s  t e s t e d .
The in c r e a s e  i n  Group T hree  c o n t in u e d  a t  an a c c e l e r a t e d  r a t e .  
E i g h ty - f iv e  s tu d e n t s  were u n a b le  t o  c o r r e c t l y  com plete  any e x e r c i s e  in  
th e  M u l t i p l i c a t i o n  I I  t e s t .  That r e p r e s e n t e d  12 p e r c e n t  o f  th e  s tu d e n t s  
t e s t e d .  A l l  s c h o o ls  were r e p r e s e n t e d  in  Group T hree . The p e rc e n ta g e  o f  
s tu d e n t s  from each  sch o o l  who make up Group T hree  ranged  from 1 p e r c e n t  
to  20 p e r c e n t .
The r e s u l t s  o f  th e  M u l t i p l i c a t i o n  I I  p a r t  o f  th e  s c r e e n in g  t e s t s  
a re  g iv e n  i n  T ab le  4 .
D iv is io n
D iv is io n  w i th  o n e -p la c e  d i v i s o r s  p ro v ed  to  be l e s s  d i f f i c u l t  th a n  
m u l t i p l i c a t i o n  w i th  two and  t h r e e - p l a c e  m u l t i p l i e r s .  The number o f  
p e r f e c t  s c o re s  i n c r e a s e d ,  w h ile  t h e  number o f  z e ro  s c o r e s  was s l i g h t l y  
s m a l l e r .
One hundred  n i n e t y - e i g h t  s t u d e n t s  were a b le  to  make p e r f e c t  s c o re s  
on th e  t e s t .  The p e rc e n ta g e  o f  th e  t o t a l  t o  s c o r e  in  Group One was 29 
p e r c e n t .  One s c h o o l  had on ly  7 p e r c e n t  in  t h e  g roup , w h i le  a n o th e r  had 
62 p e r c e n t  o f  i t s  s t u d e n t s  in  Group One.
A m a jo r i t y  o f  th e  s tu d e n t s  t e s t e d  re sp o n d ed  a t  th e  Group Two 
l e v e l .  There w ere  412 s t u d e n t s ,  o r  60 p e r c e n t ,  in  th e  g roup . Of a l l  
th e  s c h o o ls  t e s t e d ,  th e  s tu d e n t s  p la c e d  in  Group Two ran g ed  from 36 p e r ­
c e n t  to  82 p e r c e n t .
















Screening Test Results In Multiplication II by Schools According
to the Frequency and Percentage of Scores
in Each Performance Group
Group One Group Two
Number o f  P e rc e n tag e  Number o f  P e rc e n ta g e
S tu d e n ts  o f  T o ta l  S tu d e n ts  o f  T o ta l
i n  Group T e s te d  i n  Group T es ted
Group Three 
Number o f  P e rc e n ta g e
S tu d e n ts  o f  T o ta l




























t o t a l  o f  e ig h ty  s t u d e n t s  made up 11 p e r c e n t  o f  th e  s tu d e n t s  t e s t e d .  One 
s c h o o l  had a h ig h  o f  26 p e r c e n t  p la c e d  In  th e  group made up o f  s tu d e n t s
who w ere u n a b le  to  work any o f  th e  e x e r c i s e s .
More d e t a i l s  o f  th e  s c r e e n in g  t e s t  i n  D iv i s io n  I  a re  g iv e n  i n
T ab le  5.
As i n d i c a t e d  by th e  r e s u l t s  shown i n  T able  6 , D iv i s io n  XI was
by f a r  th e  most d i f f i c u l t  o p e r a t i o n .  The t o t a l  numbers and p e r c e n ta g e s
i n d i c a t e d  th e  d eg ree  o f  d i f f i c u l t y  and th e  i n d i v i d u a l  schoo l f i g u r e s ,  
w i th  s e v e r a l  e x c e p t io n s ,  a t t e s t e d  to  th e  com prehensiveness  o f  d i f f i c u l t y  
th ro u g h o u t  th e  sy s tem .
One i n d i c a t i o n  o f  th e  d i f f i c u l t y  o f  D iv i s io n  I I  was r e v e a le d  by 
th e  number of s t u d e n t s  i n  Group One. Only f o r t y - s e v e n  of 690 s tu d e n t s  
w ere  a b le  to  com ple te  a l l  th e  e x e r c i s e s  w i th o u t  an e r r o r .  T h a t  number 
was o n ly  7 p e r c e n t  o f  th e  t o t a l  number t e s t e d .  The in d i v i d u a l  sch o o l 
s c o r e s  w ere  a l s o  low, w i th  21 p e r c e n t  th e  h i g h e s t  f o r  a s c h o o l ;  the  low 
s c o r e  f o r  an i n d i v i d u a l  sch o o l was 2 p e r c e n t .
There  were more s tu d e n t s  i n  Group Two i n  D iv is io n  I I  th a n  in  any
o t h e r  g ro u p .  A t o t a l  o f  458 s tu d e n t s  made s c o r e s  which p la c e d  them in  
t h a t  g ro u p . The a v e rag e  f o r  th e  system  as a whole was 66 p e r c e n t  in  
Group Two. There  were from 54 p e r c e n t  o t  83 p e r c e n t  of each s c h o o l ' s
s i x t h  g rad e  i n  Group Two in  D iv i s io n  I I .
The number o f  s tu d e n t s  who were u n a b le  to  s u c c e s s f u l l y  com plete  
any o f  th e  e x e r c i s e s  i n  D iv i s io n  I I  was n o t i c e a b l y  h ig h e r .  F o r  the  f i r s t  
t im e  th e  number o f  s tu d e n t s  in  Group Three was g r e a t e r  than  th e  number 
o f  s t u d e n t s  in  Group One. One hundred  e i g h t y - f i v e  s tu d e n t s  e x h ib i t e d  
e x c e s s iv e  c o m p u ta t io n a l  r e t a r d a t i o n  in  th e  d i v i s i o n  w ith  tw o -p la c e  and 
















Screening Test Results in Division 1 by Schools According
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Screening Test Results in Division II by Schools According
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s t u d e n t s  t e s t e d .  One s c h o o l  had  o n ly  3 p e r c e n t  i n  Group T h ree ;  th e  op­
p o s i t e  ex trem e was 43 p e r c e n t .
There were t h i r t e e n  s tu d e n t s  who made p e r f e c t  s c o re s  on a l l  s i x  
p a r t s  o f  the  s c r e e n in g  t e s t .
DIAGNOSTIC TESTS
S tu d e n ts  who w ere  p la c e d  in  Group Two on th e  b a s i s  o f  t h e i r  
s c r e e n in g  t e s t  were g iv e n  d i a g n o s t i c  t e s t s .  The e x e r c i s e s  on th e  d i a g ­
n o s t i c  t e s t s  w ere  ch eck ed , and each i n c o r r e c t  e x e r c i s e  was a n a ly z e d  i n  
o r d e r  t o  d e te rm in e  th e  so u rc e  o f  e r r o r .
A d d i t io n
Two hundred  n in e ty - tw o  s tu d e n t s  were p la c e d  in  th e  group f o r  
d i a g n o s t i c  t e s t i n g  i n  a d d i t i o n ,  based  on t h e i r  s c o r e s  on th e  s c r e e n in g  
t e s t .  Due to  ab sen ces  on the  t e s t i n g  d a t e ,  o n ly  263 s tu d e n t s  were g iv en  
th e  d i a g n o s t i c  t e s t  in  a d d i t i o n .
The i n i t i a l  p h ase  o f  th e  a n a ly s i s  was t o  d e te rm in e  th e  number o f  
i n c o r r e c t  e x e r c i s e s  and t h e i r  d i s t r i b u t i o n  th ro u g h o u t  the  t e s t .  The 
D ia g n o s t ic  T e s t  in  A d d i t io n  o f  Whole Numbers in c lu d e d  tw elve ty p es  o f  
e x e r c i s e s ,  as  o u t l i n e d  i n  Appendix B. The t o t a l  number o f  i n c o r r e c t  
answ ers  was 895 . T h e ir  d i s t r i b u t i o n ,  a c c o rd in g  to  th e  type  o f  example, 
i s  shown in  F ig u r e  1. Each o f  th e  tw elve ty p e s  had th re e  examples With 
t h i r t y - s i x  e x e r c i s e s  on each t e s t  and 263 s tu d e n t s  ta k in g  th e  t e s t s ,  
t h e r e  was a p o s s i b l e  c u m u la t iv e  s c o re  o f  9468. Of t h a t  t o t a l ,  38 e x e r ­
c i s e s  were n o t  a t te m p te d ,  which l e f t  9430 e x e r c i s e s  worked by th e  
s t u d e n t s .  The 895 i n c o r r e c t  e x e r c i s e s  r e p r e s e n te d  s l i g h t l y  o v e r  9 p e r ­

















1 2 3 4 5 6 7 8 9  10 11 12
Type o f  E x e rc is e *
F ig u r e  1
D i s t r i b u t i o n  o f  I n c o r r e c t  Answers 
i n  A d d i t io n  A ccord ing  to  Type 
o f  E x e rc i s e
*See Appendix B.
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The sequence  o f  th e  e x e r c i s e  types  w i t h i n  th e  t e s t  d id  n o t  prove 
to  be p r o g r e s s i v e l y  more d i f f i c u l t ,  a l th o u g h  s e v e r a l  p a t t e r n s  w ere  d i s -  
c e r n a b le .  Type 2 e x e r c i s e s  were more d i f f i c u l t  th an  Type 1 e x e r c i s e s .
The d i f f e r e n c e  betw een th e  two was t h a t  Type 2 had a tw o - d ig i t  sum in  
th e  f i n a l  column. The d i f f e r e n c e  i n  the  d i f f i c u l t y  p ro b a b ly  may be a t ­
t r i b u t e d  to  t h e  l a r g e r  addends r e q u i r e d  to  o b t a i n  th e  tw o -p lace  sum.
Four s e t s  o f  e x e r c i s e s ,  Type 3 th ro u g h  Type 6, d e a l t  w i th  add­
in g  by e n d in g s .  Each ty p e  was p r o g r e s s i v e l y  more d i f f i c u l t .  As m ight 
have been  e x p e c te d ,  a d d i t i o n  by en d in g s  w hich in v o lv ed  b r id g in g  t o  an ­
o th e r  decade r a s  more d i f f i c u l t  t h a n  a d d i t i o n  w i th o u t  b r id g i n g .  L ess
r e a d i l y  e x p la in e d  was t h e  f i n d i n g  t h a t  a d d i t i o n  by e n d in g s ,  b o th  w i th  
and w i th o u t  b r i d g i n g ,  was e a s i e r  when i t  in v o lv e d  the  t e e n s  decade th an  
when h ig h e r  decades  were in c lu d e d .  E x e rc i s e s  such as 12 + 7 and 1 3 + 8
were e a s i e r  f o r  th e  group th a n  w ere  e x e r c i s e s  such as 45 +  4 and 5 4 + 9 .
One p o s s i b l e  e x p la n a t io n  may be t h a t  the  s t u d e n t s  were more f a m i l i a r  
w ith  and had had more e x p e r ie n c e  i n  working w i th  lower d e ca d e s .
The u n see n  addend in  Type 7 d id  n o t  p rove  to  be a problem . The 
o v e r a l l  s c o re  on t h a t  s e c t i o n  was one of th e  h i g h e s t ;  th e  e x e r c i s e s  
were even  l e s s  d i f f i c u l t  th a n  th e  Type 1 e x e r c i s e s ,  w hich had o n ly  two 
ad d en d s .
The second most d i f f i c u l t  group o f  e x e r c i s e s  was s im ple  column 
a d d i t i o n .  Type 8 was composed o f  o n e - d i g i t ,  fo u r -ad d e n d  and f iv e -a d d e n d  
e x e r c i s e s .  The b r id g i n g  and m u l t i p l e  b r id g in g  seemed to  have c o n t r ib u te d  
to  th e  d i f f i c u l t y ,  when th e  r e s u l t s  were compared w ith  Type 7 i n  which 
no b r id g i n g  was in v o lv e d .
Types 9 , 10, and 11 d e a l t  w i th  renam ing in  t h r e e  form s. There  
was l i t t l e  d i f f e r e n c e  i n  th e  d i f f i c u l t y  r e g a r d l e s s  o f  w h e th e r  th e  o n es ,
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t e n s ,  o r  b o th  p l a c e s  were in v o lv e d  i n  th e  renam ing .
Almost o n e - t h i r d  o f  th e  t o t a l  number o f  i n c o r r e c t  e x e r c i s e s  
o c c u r re d  i n  Type 12. Not o n ly  d id  t h e  complex column a d d i t i o n  h e a v i l y  
c o n t r i b u t e  to  the  t o t a l  number of i n c o r r e c t  r e s p o n s e s ,  b u t  i t  a l s o  r e ­
v e a le d  a h ig h  p e rc e n ta g e  o f  e r r o r  i n  th e  group i t s e l f .  Of th e  e x e r c i s e s  
a t te m p te d  in  th e  Type 12 g ro u p , 36 p e r c e n t  were i n c o r r e c t .
An a n a l y s i s  o f  each i n c o r r e c t  e x e r c i s e  was made i n  o rd e r  t o  
d e te rm in e  the  e r r o r  o r  e r r o r s  which c o n t r i b u t e d  to  th e  i n c o r r e c t  r e s p o n s e .  
N ine hundred  tw e lv e  e r r o r s  were enum erated  in  s e v e n te e n  c a t e g o r i e s .
The e r r o r s  i n  s e v e r a l  o f  th e  c a t e g o r i e s  had enough in  common to  
be c l a s s i f i e d  u n d e r  a b ro a d e r  type  o f  error™ The f i n a l  c l a s s i f i c a t i o n  
p la c e d  th e  e r r o r s  i n  fo u r  b ro ad  ty p e s :  c o m b in a t io n s ,  c a r r y i n g ,  p ro c e d u re ,
and m is c e l la n e o u s  e r r o r s .
E r r o r s  w i th  th e  a d d i t i o n  co m b in a t io n s  a cco u n ted  f o r  a s u b s t a n t i a l  
number o f  i n c o r r e c t  an sw ers .  Two h u n d red  e ig h te e n  e r r o r s  were a t t r i b u t e d  
t o  th e  l a c k  o f  knowledge o f  th e  c o r r e c t  co m b in a t io n .  An a d d i t i o n a l  
t h i r t y - t h r e e  were c o m b in a tio n  e r r o r s  which in v o lv e d  ze ro  a s  an addend.
The z e ro  e r r o r  in v o lv e d  r e c o r d in g  z e r o  f o r  th e  sum when one of th e  ad ­
dends was z e r o .  The cause f o r  such an  e r r o r  may have been  i n t e r f e r e n c e  
from th e  l e a r n i n g  o f m u l t i p l i c a t i o n .  S im i la r  e r r o r s  in  co m b in a tio n s  
o th e r  th a n  z e ro  i n d i c a t e d  such  a p o s s i b i l i t y .  E r r o r s  such  as  2 + 3 = 6 
and 2 + 4 = 8  i n d i c a t e d  t h a t  such answ ers  were n o t  l i k e l y  due to  ig n o ra n c e  
o f  the  f a c t s ,  f o r  more d i f f i c u l t  ones were m a s te re d .  A lthough  some o f  
th e  e r r o r s  in  co m b in a tio n s  w ere  acco u n te d  f o r  by i n t e r f e r e n c e  of o t h e r  
l e a r n i n g ,  a l a r g e  m a jo r i t y  seemed t o  be due to  a la c k  o f  m a s te ry  o f  th e  
b a s i c  c o m b in a t io n s .  About 28 p e r c e n t  o f  th e  e r r o r s  in  a d d i t i o n  were a t ­
t r i b u t e d  t o  co m b in a tio n  d i f f i c u l t i e s .
39
C a r ry in g  i n  a d d i t i o n  proved  t o  be th e  so u rce  o f many e r r o r s .
F iv e  s p e c i f i c  ty p e s  o f  e r r o r s  in v o lv in g  c a r r y in g  were n o te d ;  th e y  were 
r e s p o n s i b l e  f o r  190 e r r o r s .  The m ost common c a r r y in g  e r r o r  was th e  
f a i l u r e  to  c a r r y  and add to  the  n e x t  column. I n  an e x e r c i s e  in  which 
th e  sum of th e  o n e s 1 column was tw e n ty -o n e ,  f o r  example, the  one was 
r e c o r d e d ,  b u t  th e  two was n o t  c a r r i e d  and added to  the  t e n s '  column.
A l e s s  f r e q u e n t  e r r o r  was to  r e c o rd  th e  te n s  i n  the  o n e s '  column and 
c a r r y  t h e  ones to  th e  t e n s .  I n  th e  same example of tw en ty -one  as  a 
sum, th e  two was re c o rd e d  in  th e  o n e s '  p l a c e ,  and the one c a r r i e d  and 
added i n  the  t e n s '  column. A most s e r io u s  e r r o r  r e s u l t e d  when th e  s t u ­
d e n t  r e f u s e d  to  c a r r y  and re c o rd e d  th e  sum o f  each  column as i f  i t  were 
an  in d e p e n d e n t  e x e r c i s e .  I t  was obv ious  t h a t  such  e r r o r s  in d i c a t e d  a 
v e r y  s e r i o u s  la c k  o f  u n d e r s ta n d in g  o f  the  o p e r a t io n  and p la c e  v a lu e  in  
th e  number sy s tem . Two l e s s  f r e q u e n t  e r r o r s  w ere  c a r r y in g  the  wrong 
number and c a r r y in g  u n n e c e s s a r i l y .
P ro c e d u ra l  e r r o r s ,  o th e r  th a n  c a r r y i n g ,  were combined in  a n o th e r  
g ro u p . Seven s p e c i f i c  ty p e s  were c i t e d  w ith  a t o t a l  o f  144 e r r o r s .
Adding by en d in g s  w ith  e x e r c i s e s  a r ra n g e d  in  h o r i z o n t a l  form  was 
th e  s o u rc e  o f  two ty p e s  o f  e r r o r s .  The most common e r r o r  o f  the  group 
was ad d in g  th e  ones to  b o th  th e  ones and th e  t e n s ;  in  examples such  as 
1 6 + 2 ,  th e  answer o f t e n  g iv e n  was 38 . A no ther e r r o r  i n  t h a t  ty p e  o f  
e x e r c i s e  was the  f a i l u r e  to  b r id g e  t o  th e  n e x t  decade . The r e s u l t  was 
an  answ er such as  13 when add ing  1 7 + 6 .
Three ty p e s  o f  e r r o r s  seemed t o  in v o lv e  a degree  o f  c a r e l e s s n e s s .  
T w e n ty -s ix  e r r o r s  w ere  due to  p e r fo rm in g  the  wrong o p e r a t io n ,  m u l t i p l i ­
c a t i o n  o r  s u b t r a c t i o n ,  th ro u g h o u t  th e  e n t i r e  e x e r c i s e .  A second type  of 
e r r o r  was com bining two o p e r a t i o n s ,  such  as a d d i t i o n  and m u l t i p l i c a t i o n .
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The t h i r d  type o f  e r r o r  was r e c o rd in g  o n ly  one d i g i t  o f  a t w o - d i g i t  sum 
i n  th e  f i n a l  p l a c e .  The exam ple, 340 + 850 = 190, was one such e r r o r .
A nother z e ro  e r r o r  was l i s t e d  w ith  p ro c e d u ra l  e r r o r s .  Some s t u ­
d e n ts  c o m p le te ly  d i s r e g a r d e d  a column w ith  o n ly  z e r o s .  When th e  t e n s '  
column was a l l  z e r o s ,  th e  ones were added and th e  te n s  to  be c a r r i e d  were 
c a r r i e d  over to  th e  h u n d re d s '  column. The example c i t e d  cou ld  have been 
c l a s s i f i e d  as e i t h e r  a c a r r y in g  e r r o r  o r  a z e ro  p ro c e d u ra l  e r r o r ;  i t  was 
f e l t ,  however, t h a t  th e  ze ro  was the  so u rce  o f  th e  problem , s in c e  the  
same s t u d e n t  had c a r r i e d  c o r r e c t l y  when z e ro  was n o t  in v o lv e d .
One o f  th e  most s i g n i f i c a n t  f i n d in g s  o f  th e  a d d i t i o n  s tu d y  was 
l i s t e d  u n d e r  th e  m is c e l la n e o u s  h e ad in g .  A pprox im ate ly  one t h i r d  o f a l l  
e r r o r s  were due to  th e  i n a b i l i t y  o f  th e  s tu d e n t s  to  h an d le  column a d d i t i o n .  
Such a d e f i c i e n c y  was n o t  c o n s id e re d  a s p e c i f i c  type  of e r r o r  as  had been  
th e  c a se  w ith  o th e r  e r r o r s .  The m ajor d i f f i c u l t y  w ith  th e  a n a l y s i s  of 
w r i t t e n  work in  column a d d i t i o n  was t h a t  one co u ld  n o t  be e x a c t ly  su re  
where th e  m is tak e  was made o r  i t s  c au se .  I t  may be r e a so n a b ly  assumed 
t h a t  some of the  same ty p es  o f  e r r o r s  p r e v io u s ly  l i s t e d ,  e s p e c i a l l y  in  
c o m b in a tio n s  and c a r r y i n g ,  caused  a p r o p o r t io n a t e  number o f  m is ta k e s  in  
column a d d i t i o n  as th e y  had caused  in  o th e r  e x e r c i s e s .
Two o th e r  c au se s  c o n t r i b u te d  to  a sm a l l  number o f  i n c o r r e c t  
an sw ers .  Some e x e r c i s e s  were n o t  com pleted a l th o u g h  s u f f i c i e n t  tim e was 
a l l o t t e d .  A nother sm a l l  group had e r r o r s  f o r  which no l o g i c a l  e x p la n a ­
t i o n  co u ld  be g iv e n .
The a n a l y s i s  o f  the  w r i t t e n  work was a id e d  by what may be con­
s id e r e d  poor work h a b i t s .  Many o f  th e  s tu d e n t s  used  c ru tc h e s  i n  c a r r y ­
in g  and column a d d i t i o n .  O ften  th e  marks made by the  s tu d e n t  i n d i c a t e d  
th e  l o c a t i o n  and type  o f  e r r o r .
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Table 7 shows th e  number o f  s p e c i f i c  e r r o r s  and t h e i r  p e r c e n t ­
ages o f  the  t o t a l .
S u b t r a c t io n
The D ia g n o s t ic  T e s t  i n  S u b t r a c t io n  o f  Whole Numbers was g iv en  to  
363 s ix th - g r a d e  s t u d e n t s .  A t o t a l  o f  8695 e x e r c i s e s  was a t te m p te d  w ith  
2397 i n c o r r e c t .  The n e a r ly  28 p e r c e n t  i n c o r r e c t  e x e r c i s e s  was a sharp  
in c r e a s e  over th e  p e rc e n ta g e  of i n c o r r e c t  i n  a d d i t i o n .
The s u b t r a c t i o n  t e s t  was composed o f  e ig h t  ty p e s  of e x e r c i s e s  as 
i n d i c a t e d  in  Appendix B. A d i s t r i b u t i o n  o f  th e  e r r o r s  a c c o rd in g  to  type 
i s  shown in  F ig u re  2. Each o f th e  e ig h t  ty p e s  had th e  same number of 
e x e r c i s e s ;  t h e r e f o r e ,  when th e  number i n c o r r e c t  in  one type was compared 
w ith  th e  number i n c o r r e c t  i n  a n o th e r  ty p e ,  i t  was p o s s ib l e  to  d e te rm in e  
th e  r e l a t i v e  d i f f i c u l t y  among ty p e s .
S u b t r a c t i o n  w i th o u t  renam ing was r e s p o n s ib l e  f o r  only m inor 
d i f f i c u l t y .  The e x e r c i s e s  i n  Type 1 and Type 2 were com pleted w i th  ap ­
p ro x im a te ly  96 p e r c e n t  a c c u ra c y .  Most o f  th e  e r r o r s  i n  the  group were 
due to  ze ro  d i f f i c u l t i e s .
I n c o r r e c t  re sp o n se s  in c r e a s e d  m arked ly  when renaming was in c lu d e d  
in  th e  o p e r a t io n .  Type 3 e x e r c i s e s ,  where t e n s  were renamed a s  o n e s ,  
had an  i n c o r r e c t  r a t e  o f  20 p e r c e n t .  When hundreds  were renamed as ten s  
in  Type 4 ,  the  i n c o r r e c t  re s p o n s e s  accoun ted  f o r  27 p e r c e n t .  The p e r ­
cen tag e  o f i n c o r r e c t  c o n t in u e d  to  r i s e  when renaming tw ice  was in c lu d e d  
in  Type 5 . When thousands  were renamed as h u n d re d s ,  th e  e x e r c i s e s  were 
on ly  s l i g h t l y  more d i f f i c u l t  th a n  e x e r c i s e s  i n  which hundreds were r e ­
named as  t e n s .  The most d i f f i c u l t  e x e r c i s e s  were Type 7 , which in c lu d e d  
renam ing two and th re e  t im es  w i th  two ze ro s  i n  the  minuend. A pprox im ate ly
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Table 7
A n a ly s is  o f  E r r o r s  on A d d i t io n  T e s ts
Type o f E r r o r Frequency
P e rc e n ta g e  o f  
T o ta l  E r r o r s
C om binations
I n c o r r e c t  com bination 218 247.
Zero  in  com bina tion 33 47.
T o ta l 251 287.
C a r ry in g
Did n o t  c a r r y  and add 
number t o  n e x t  column 108 127.
Recorded te n s  and 
c a r r i e d  ones 35 47.
Did n o t  c a r r y —re c o rd e d  
two d i g i t s  in  one p la c e 34 47.
C a r r ie d  wrong number 10 17.
C a r r ie d  u n n e c e s s a r i l y 3 —
T o ta l 190 217.
P ro ced u re
Added ones  to  bo th  ones 
and t e n s  i n  h o r i z o n ta l  
examples 41 57.
Wrong o p e r a t io n 26 37.
Recorded on ly  one d i g i t  
o f  t w o - d i g i t  sum 24 37.
Table 7 (continued)
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Type o f  E r r o r Frequency
P e rc e n ta g e  of 
T o ta l  E r r o r s
Combined two o p e r a t io n s 22 3%
Skipped column w i th  on ly z e r o s 18 2%
Did n o t  b r id g e  to  n e x t  decade  
i n  h o r i z o n t a l  examples 12 17.
R eversed  d i g i t s  i n  
r e c o rd in g  sum 1 -----
T o ta l 144 167,
M isc e l la n e o u s
I n a b i l i t y  t o  h an d le  
column a d d i t i o n 302 347,
Incom ple te 15 27.
U ndeterm ined 10 17.
T o ta l 327 377.
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52% o f th e  e x e r c i s e s  i n  th e  Type 7 group were i n c o r r e c t .
W ith  two e x c e p t io n s ,  th e  sequence i n  th e  D ia g n o s t ic  T e s t  i n  Sub­
t r a c t i o n  o f  Whole Numbers r e p r e s e n te d  s t e p s  o f  p r o g r e s s iv e  d i f f i c u l t y .
Type 6 s h o u ld  have p re c ed e d  Type 5 s in c e  i t  in v o lv ed  renaming o n ly  one 
t im e ;  w hereas  Type 5 was renam ing tw ic e .  The e x e r c i s e s  in  Type 8 d id  n o t  
p ro v id e  a g r e a t e r  c h a l l e n g e  th a n  Type 7 a c c o rd in g  to  th e  s c o r e s .
An a n a l y s i s  o f  th e  i n c o r r e c t  e x e r c i s e s  in  s u b t r a c t i o n  r e s u l t e d  in  
t h e  i d e n t i f i c a t i o n  o f  2478 e r r o r s .  The e r r o r s  were c l a s s i f i e d  under 
tw en ty  d i f f e r e n t  t y p e s .  The tw en ty  d i f f e r e n t  types  w ere c a te g o r iz e d  
u n d e r  f i v e  m ajor h e a d in g s .
C om bination  d i f f i c u l t i e s  was one o f  th e  m ajor ty p e s  o f  e r r o r s .
Two s p e c i f i c  types  o f  c o m b in a t io n  e r r o r s  were n o ted .  One hundred  e ig h t y -  
two e r r o r s ,  s l i g h t l y  o v e r  7 p e r c e n t  of a l l  e r r o r s ,  were due to  th e  use 
o f  i n c o r r e c t  c o m b in a t io n s .  W ith in  the  group th e r e  were no o b s e rv a b le  
p a t t e r n s  i n  th e  e r r o r s  o th e r  th a n  la c k  o f  m a s te ry  o f th e  b a s ic  s u b t r a c t i o n  
c o m b in a t io n s .  A nother type  o f  com bina tion  d i f f i c u l t y  was co n n ec ted  w i th  
a  s p e c i f i c  type  o f  e x e r c i s e .  S e v e n ty -sev e n  e r r o r s  were  found i n  e x e r c i s e s  
where th e  minuend and th e  s u b tra h e n d  were th e  same i n  one or more colum ns. 
The most common re sp o n se  was to  re c o rd  th e  same numeral as  the  answ er.
I t  was q u e s t i o n a b le  a s  to  w he ther  th e  l a t t e r  types  sh o u ld  have b een  c l a s ­
s i f i e d  a s  an  e r r o r  i n  c o m b in a t io n s .  Responses such a s  750 - 750 = 750 
seemed t o  i n d i c a t e  t h a t  the  p rob lem  may n o t  have been ig n o ra n c e  o f  the  
b a s i c  c o m b in a t io n s ,  b u t  th e  r e p e t i t i o n  o f  th e  same num era ls  may have  
dom inated th e  th in k in g  o f  the  s t u d e n t .  W ith b o th  ty p e s  o f  e r r o r s  con­
s i d e r e d ,  t h e  t o t a l  number o f  co m b in a tio n  e r r o r s  was 259. That was j u s t  
o v e r  10 p e r c e n t  o f  th e  e r r o r s  i n  s u b t r a c t i o n .
The most i n t e r e s t i n g  group was th e  z e ro  d i f f i c u l t i e s .  F iv e
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d i s t i n c t  ty p es  o f  z e ro  d i f f i c u l t i e s  were d i s c o v e r e d .  Very few s t u d e n t s  
e x p e r ien c e d  a l l  f i v e  ty p e s ;  most had problem s in  on ly  one o r  two a r e a s .
A z e r o  in  th e  minuend caused  th e  g r e a t e s t  d i f f i c u l t y .  T here  were two 
t y p i c a l  i n c o r r e c t  r e s p o n s e s .  The most f r e q u e n t  re sp o n se  was t o  r e c o r d  
z e ro  as  the  answer when t h e r e  was a z e ro  in  th e  minuend; t h e r e  were 280 
answ ers  of t h a t  n a tu r e .  Two hundred  f i f t y - n i n e  rec o rd ed  th e  s u b tra h e n d  
a s  th e  answer when th e r e  was a minuend o f z e r o .  The l a t t e r  type  was d i f ­
f e r e n t  from a type  l a t e r  d i s c u s s e d  i n  which th e  minuend was s u b t r a c t e d  
from a su b tra h en d  i f  th e  minuend were th e  s m a l l e r  o f  th e  two i n  th e  same 
column.
O ther z e ro  d i f f i c u l t i e s  were a s  f o l lo w s :  re c o rd e d  a n  answ er o f
z e ro  when th e  su b tra h e n d  was z e r o ,  d i s r e g a r d e d  columns i n  which minuend 
and su b tra h en d  were b o th  z e r o s ,  and r e c o rd e d  z e ro  as answer when th e  su b ­
t ra h e n d  in  a column was l a r g e r  th a n  th e  m inuend. The l a s t  ty p e  was a l s o  
c l o s e l y  r e l a t e d  to  renam ing d i f f i c u l t i e s ,  b u t  the  number in v o lv e d  was n o t  
v e ry  l a r g e .
As a group th e  z e ro  d i f f i c u l t i e s  c o n s t i t u t e d  a fo rm id ab le  b lo c k  
to  s u b t r a c t i o n  p r o f i c i e n c y .  T here  w ere  702 z e r o - r e l a t e d  e r r o r s ,  w hich 
w ere over 28 p e r c e n t  o f  a l l  s u b t r a c t i o n  e r r o r s .
Four s p e c i f i c  ty p e s  o f  e r r o r s  were l i s t e d  under p ro c e d u ra l  d i f f i ­
c u l t i e s ,  b u t  one type  dom inated th e  a r e a .  The g r e a t e s t  s i n g l e  so u rc e  
o f  e r r o r s  was s u b t r a c t i o n  o f  th e  minuend from th e  su b tra h en d  in  columns 
where th e  minuend was th e  s m a l l e r  o f  th e  two. Over 25 p e r c e n t  o f  a l l  
e r r o r s  were due t o  t h a t  c a u s e .  Those 632 e r r o r s  in d i c a t e d  t h a t  an  in a d e ­
q u a te  u n d e rs ta n d in g  o f  th e  s u b t r a c t i o n  a lg o r i th m  was a s e r i o u s  p rob lem . 
The o th e r  t h r e e  ty p e s  o f  p r o c e d u r a l  e r r o r s  w ere  minor and a cco u n ted  f o r  
a p p ro x im a te ly  2 p e r c e n t  o f  th e  e r r o r s .  They in c lu d e d  r e c o r d in g  the
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su b tra h e n d  as th e  answer when I t  was l a r g e r  th a n  th e  minuend, and  r e c o r d ­
in g  th e  minuend a s  the  answ er when i t  was l a r g e r  th a n  the  s u b tra h e n d .
Renaming o r  borrow ing  was a n o th e r  m ajo r so u rc e  o f  e r r o r s .  F ive  
types  o f  d i f f i c u l t i e s  in  t h a t  a re a  r e s u l t e d  i n  665 e r r o r s .  T h a t  was 
ap p ro x im a te ly  27 p e r c e n t  o f  the  t o t a l  number o f  e r r o r s .  F a i l u r e  to  d e ­
d u c t  from the minuend a f t e r  renaming was th e  cause o f  the  m ost renaming 
e r r o r s .  D i s t r i b u t i o n  o f  th e  renamed q u a n t i t y  th ro u g h o u t  th e  minuend was 
a n o th e r  source  o f  e r r o r s .  The problem  was e s p e c i a l l y  a c u te  i n  e x e r c i s e s
where t h e r e  were s e v e r a l  z e ro s  in  th e  minuend. One minuend o f  10,000 was
7 8 9 10
o f te n  renamed a s  X 0 , 0 0 0 .  Less common, b u t  s i m i l a r ,  was renam ing such
10 9 8 7
as  t 0 0 0. The e x e r c i s e  510 - 411 was m issed  o f t e n  becau se  the  510
4 9 10
was renamed 2 X 0 .  The examples c i t e d  in d i c a t e d  t h a t  a l th o u g h  th e  s t u ­
d e n ts  r e a l i z e d  t h a t  renam ing was n eeded , t h e i r  app roach  was p u r e ly  mechan­
i c a l  w i th o u t  an  u n d e r s ta n d in g  o f th e  p r o c e s s .
Three o t h e r  types  o f  renam ing e r r o r s  i n d i c a t e d  a l a c k  o f  under­
s ta n d in g  o f th e  p r o c e s s .  T here  were s e v e n ty - f iv e  c a s e s  where th e  l a r g e s t
p la c e  i n  the  minuend was renamed more than  one t im e . One exam ple was i n
2 12 13
th e  e x e r c i s e  423 -  247. The 423 was renamed as  4 t 3. B oth  th e  o n e s 1
and th e  t e n s '  p l a c e s  borrowed d i r e c t l y  from the  h u n d r e d s ' .  Some a l s o
2 11 13
renamed th e  minuend as 4 I 3. The t e n s '  p la c e  was reduced  by one as  
i f  the  s tu d e n t  u n d e rs to o d  th e  p ro c e d u re ,  b u t  th e  h u n d re d s '  p l a c e  was 
borrowed from tw ic e .  A no ther type o f  e r r o r  was th e  renam ing o f  a thou­
sand a s  t e n  ones o r  s i m i l a r  examples where p la c e s  were s k ip p e d .  There 
were some e r r o r s  where a p la c e  in  th e  minuend was reduced  a s  i f  i t  had 
been borrowed from  when no borrow ing  had ta k e n  p l a c e .
Four ty p e s  o f  d i f f i c u l t i e s  were l i s t e d  as  m is c e l l a n e o u s .  They
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a cco u n ted  fo r  a t o t a l  o f  164 e r r o r s .  Three o f  the  d i f f i c u l t i e s  were 
s p e c i f i c  ty p e s .  They were a s  f o l l o w s :  in c o m p le te ,  wrong o p e r a t i o n ,  and
combined o p e r a t i o n s .  The f o u r th  was n o t  a s p e c i f i c  ty p e  b u t  was made up 
o f  e r r o r s  o f  an u nde term ined  n a tu r e .
T ab le  8 shows th e  types  o f  e r r o r s  in  s u b t r a c t i o n  w ith  th e  f r e ­
quency and p e rc e n ta g e  o f  th e  t o t a l  o f  each ty p e .
M u l t i p l i c a t i o n  I
T hree  hundred  e i g h t  s tu d e n t s  were g iv e n  the  D ia g n o s t ic  T e s t  i n  
M u l t i p l i c a t i o n  o f  Whole Numbers: P a r t  I .  T here  were s i x  types o f  e x e r ­
c i s e s  and th r e e  examples o f  each ty p e  which made a t o t a l  o f  e ig h te e n  
e x e r c i s e s  on th e  t e s t .
The i n c o r r e c t  answ ers  were d i s t r i b u t e d  th ro u g h o u t th e  s i x  ty p e s  
o f  e x e r c i s e s  as  shown i n  F ig u re  3 .  The 1217 i n c o r r e c t  e x e r c i s e s  were 
a p p ro x im a te ly  22 p e r c e n t  o f  the  t o t a l  number a t te m p ted  by the  s t u d e n t s .  
F i f t y - s i x  e x e r c i s e s ,  a p p ro x im a te ly  1 p e r c e n t ,  were n o t  a t te m p te d .  With 
th e  e x c e p t io n  o f  Type 1 and Type 2 b e in g  in  r e v e r s e  o r d e r ,  th e  d i f f i c u l t y  
o f  each  type  p roved  to  be g r e a t e r  th a n  the  p re c e d in g  o n e .
T here  were two p o s s ib l e  re a s o n s  f o r  th e  Type 1 e x e r c i s e s  b e in g  
more d i f f i c u l t  th a n  Type 2 .  Each Type 1 e x e r c i s e  had one o r two z e ro s  
which w ere  s o u rc e s  o f  d i f f i c u l t y  f o r  some s t u d e n t s .  A no ther  f a c t o r  which 
may have d e te rm in ed  the  l e v e l  o f  d i f f i c u l t y  was the  d i f f e r e n c e s  among th e  
b a s ic  f a c t s  in v o lv e d .  One e x e r c i s e  in  Type 1 , 8 x 900, was a so u rc e  o f  
e r r o r  b ecau se  many s tu d e n t s  d id  n o t  know th e  com bina tion  o f  8 x 9 .
V ar io u s  ty p e s  o f  renaming r e s u l t e d  i n  in c re a s e d  numbers o f  i n c o r ­
r e c t  r e s p o n s e s .  N early  21 p e rc e n t  o f  Type 3 were i n c o r r e c t .  The e x e r ­
c i s e s  i n  Type 3 had renam ing o f th e  o n es .  Type 4 ,  which was renam ing o f
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Table 8
A n a ly s is  o f  E r r o r s  on S u b t r a c t i o n  T e s ts
P e rc e n ta g e  o f
Type o f  E r r o r  F requency T o t a l  E r r o r s
Com binations
I n c o r r e c t  com bina tions  182 7%
I n c o r r e c t  com bina tion  when 
minuend and su b tra h en d  w ere
i d e n t i c a l  77 3%
T o t a l  259 10%
Zero
Recorded z e ro  when
minuend was ze ro  280 11%
R ecorded s u b tra h e n d  when
minuend was z e ro  259 10%
Recorded z e ro  when
s u b tra h e n d  was z e ro  90 4%
D is re g a rd e d  column w ith  
z e ro  i n  minuend and
s u b tra h e n d  40 2%
Recorded z e ro  when 
s u b t ra h e n d  was l a r g e r
th an  minuend 33 1%
T o t a l  702 28%
P ro ced u re
S u b t r a c te d  minuend from 
s u b t r a c t e d  when minuend
was s m a l l e r  632 26%
Table 8 (continued)
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P e rc e n ta g e  o f
Type o f  E r ro r  F requency  T o ta l  E r r o r s
Recorded  su b tra h e n d  when 
su b tra h e n d  was l a r g e r
th a n  minuend 36 1%
Recorded minuend when 
minuend was l a r g e r
th a n  su b tra h e n d  16 1%
S u b t r a c te d  minuend from 
s u b tra h e n d  r e g a r d l e s s  o f
r e l a t i v e  s i z e  3 —
T o ta l  687 28%
Renaming
Did n o t  d e d u c t  from
minuend a f t e r  renam ing 435 18%
D i s t r i b u t e d  renamed q u a n t i t y  
i n c o r r e c t l y  th ro u g h o u t
minuend 87 4%
Renamed l a r g e s t  p la c e  i n
minuend more th a n  one t im e  75 3%
Renamed u n n e c e s s a r i l y  43 2%
Renamed th o u san d s  as
t e n  ones 25 1%
T o ta l  665 27%
M isc e l la n e o u s
U ndeterm ined  117 5%
Wrong o p e r a t io n  21 1%
In c o m p le te  18 1%
Table 8 (continued)
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P e rc e n ta g e  o f
Type o f  E r r o r  F req u en cy  T o t a l  E r r o r s
Combined two o p e r a t io n s  8 —
T o t a l  164 7%
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t e n s ,  had  a p p ro x im a te ly  26 p e r c e n t  i n c o r r e c t .  T h e re  was p r a c t i c a l l y  no 
in c r e a s e  in  d i f f i c u l t y  when renam ing tw ic e  was e x p e r ie n c e d  i n  Type 5 .
There was a  c o n s id e r a b le  in c r e a s e  i n  t h e  number o f  i n c o r r e c t  e x e r c i s e s  
when renam ing  t h r e e  times was a t t e m p te d .  Type 6 had 42 p e r c e n t  o f  th e  
t o t a l  a t te m p te d  i n c o r r e c t .  A no ther 4 p e r c e n t  was no t a t te m p te d .
The i n c o r r e c t  e x e r c i s e s  were a n a ly z e d ,  and  the e r r o r s  were 
grouped i n  four m a jo r  c a t e g o r i e s .  Each c a te g o ry  had two o r  more s p e c i f i c  
types  o f  e r r o r s .
D i f f i c u l t i e s  w ith  t h e  m u l t i p l i c a t i o n  co m b in a tio n s  c o n t r i b u t e d  
h e a v i ly  to  the  t o t a l  number o f  e r r o r s .  There w ere  538 e r r o r s  a t t r i b u t e d  
to  th e  l a c k  of m a s te ry  o f  th e  b a s ic  m u l t i p l i c a t i o n  co m bina tions  where 
zero  was n o t  in c lu d e d .  S ix ty -o n e  o t h e r  e r r o r s  in v o lv e d  z e r o  com bina tions  
e r r o r s .
The co m b in a tio n  e r r o r s  were o f  t h r e e  m ain  ty p e s .  The l a r g e s t  
number o f  e r r o r s  was due t o  l a c k  o f  m a s te ry  o f  th e  b a s ic  co m b in a tio n s  w i th  
no s e t  p a t t e r n  o f  e r r o r .  R esponses  su ch  a s  3 x 8 = 18, 9 x 6 = 56, and 
7 x 6 = 44 were t y p i c a l  o f  th e  g ro u p . A second type  was e r r o r s  w hich 
seemed to  be c au se d  by i n t e r f e r e n c e  w i th  a n o th e r  o p e r a t io n ,  e s p e c i a l l y  
a d d i t i o n .  Some wrong answ ers  such a s  3 x 3 = 6 and 1 x 4 = 5  i n d ic a t e d  
such a  p o s s i b i l i t y .  The i n t e r f e r e n c e  ty p e  o f  e r r o r  d id  n o t  a cco u n t f o r  
a  v e ry  l a r g e  number o f e r r o r s  and u s u a l l y  was n o t  a c o n s i s t e n t  m is ta k e  
on th e  same p a p e r .  The z e r o  e r r o r s  w ere  o f  th e  ty p e  in  w hich  the  p r o ­
duc t was th e  same a s  the f a c t o r  o t h e r  th a n  z e r o .  That was q u i t e  s i m i l a r  
to  th e  a d d i t i o n  e r r o r ,  b u t  th e  ze ro  ap p ea re d  t o  be the  d e te rm in in g  
f a c t o r .
C arry in g  o r  renam ing was a second  a r e a  o f  d i f f i c u l t y  fo r  many 
s t u d e n t s .  Three ty p e s  o f  e r r o r s  i n  c a r r y i n g  w ere  i d e n t i f i e d .  T here  were
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219 e r r o r s  which r e p r e s e n t e d  n e a r ly  18 p e r c e n t  o f  a l l  e r r o r s  made on th e  
t e s t s .
The most p e r s i s t e n t  c a r r y in g  e r r o r  in v o lv ed  c a r r y in g  an  i n c o r r e c t  
number o r  add ing  the  c a r r i e d  number i n c o r r e c t l y .  A p a t t e r n  s e t  by many 
s tu d e n t s  was to  c a r r y  and add one to  th e  n ex t p la c e  r e g a r d l e s s  of what 
th e  p ro d u c t  o f  th e  p re v io u s  p la c e  had b e e n .  In  an  example su ch  as
3 x 47 th e  s tu d e n t  would m u l t i p l y  3 x 7 = 21, r e c o r d  the  1 and  c a r ry  1 .
S in ce  m ost o f  th e  s tu d e n t s  who had d i f f i c u l t i e s  u se d  the  c r u t c h  of w r i t ­
in g  th e  c a r r i e d  number over th e  n e x t  p l a c e ,  the  e r r o r s  were e a s i l y  i d e n ­
t i f i e d .  I t  was more d i f f i c u l t  to  d e t e c t  e r r o r s  i n  a d d i t i o n  o f  the  
c a r r i e d  number; t h e r e  was th e  p o s s i b i l i t y  t h a t  th e  e r r o r  may have been  
i n  th e  co m b in a t io n .  The e x e r c i s e  9 x 260 was an exam ple. When the  s t u ­
d e n t  had m u l t i p l i e d  9 x 0 = 0  and 9 x 6 = 54, the  4  was r e c o rd e d  and th e
5 c a r r i e d .  The f i n a l  phase  o f  th e  o p e r a t i o n ,  9 x 2 + 5 ,  r e s u l t e d  in  an  
answer o f  22, 24, o r  25. The d i f f i c u l t y  may have b een  in  t h e  com bina tion  
o f  9 x 2 ,  o r  i t  may have been  in  th e  a d d i t i o n  of 18 + 5. Only a work 
a lo u d  method would y i e l d  a d e f i n i t e  answ er.
A nother c a r r y in g  e r r o r  in v o lv e d  f a i l u r e  t o  c a r r y  o r  add in  th e  
c a r r i e d  number. The s tu d e n t  would r e c o r d  one d i g i t  o f  a  t w o - d i g i t  p r o ­
d u c t  and p ro ceed  to  th e  n e x t  p la c e  w i th o u t  c a r r y in g  over th e  second 
d i g i t  o f  th e  p ro d u c t .  The r e s u l t  was an  answer s u c h  as 4 x 318 = 1242.
Zero  a l s o  p roved  to  be a minor so u rc e  o f  d i f f i c u l t y  i n  c a r r y i n g .  
I n  th e  e x e r c i s e ,  3 x 109, th e  2 c a r r i e d  from 3 x 9 = 27 was c a r r i e d  o v e r  
t o  th e  h u n d re d s '  p l a c e .  The t e n s '  p l a c e  w i th  th e  z e r o  was c o m p le te ly  
sk ip p ed  i n  th e  c a r r y in g  p r o c e s s .
There  were 172 e r r o r s  due to  f a u l t y  p ro c e d u re  in  w o rk in g  w i th  th e  
m u l t i p l i c a t i o n  a lg o r i th m .  F iv e  s p e c i f i c  types  o f  e r r o r s  com prised  t h a t
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group w hich made up a p p ro x im a te ly  14 p e r c e n t  o f  th e  e r r o r s .
The most f r e q u e n t  p ro c e d u ra l  e r r o r  was to  add th e  c a r r i e d  number 
to  th e  m u l t i p l i e r  when a ze ro  was in  th e  p la c e  to  be m u l t i p l i e d .  I n  the  
e x e r c i s e ,  3 x 109, th e  2 c a r r i e d  from 3 x 9 = 27 was added to  th e  m u l t i ­
p l i e r  3 ; th e  answ er was g iv en  a s  357. T here  were f i f t y - t w o  o c cu ran ces  
o f  th e  e r r o r .
A second  type  o f  p ro c e d u ra l  e r r o r  in v o lv e d  c a r r y i n g .  F o r t y - f i v e  
e r r o r s  r e s u l t e d  from ad d in g  the  c a r r i e d  number t o  th e  m u l t i p l i c a n d  b e fo re  
m u l t i p l i c a t i o n .  The r e s u l t  was an  example such a s  5 x 16 = 200. The 
s t u d e n t  m u l t i p l i e d  5 x 6 =  30, re c o rd e d  th e  ze ro  and c a r r i e d  3; he 
added th e  3 w hich  was c a r r i e d  to  th e  m u l t ip l i c a n d  1 and th e n  m u l t i p l i e d  
5 x 4 .
An e r r o r  o f  p r a c t i c a l l y  th e  same freq u e n cy  a s  the  second ty p e  was 
t h a t  o f  r e c o r d in g  two d i g i t s  i n  one p l a c e .  In  t h i s  way th e  s tu d e n t  was 
a b le  to  ig n o re  th e  c o m p l ic a t io n s  o f  c a r r y i n g .  The e r r o r  was d i s c e r n i b l e  
i n  a few p a p e r s  b u t  was c o n s i s t e n t  th ro u g h o u t  i n d i v i d u a l  p a p e r s ,  which 
acco u n ted  f o r  th e  f o r t y - t h r e e  e r r o r s .  An answer o f  61836 f o r  6 x 136 
i n d i c a t e d  a  s e r i o u s  l a c k  o f u n d e r s ta n d in g  o f  p la c e  v a lu e .
The f i n a l  ty p e  o f  p ro c e d u ra l  e r r o r  was r e v e r s e d  d i g i t s  in  r e c o r d ­
in g  p a r t i a l  p r o d u c ts  and c a r r y i n g .  Only a  few s tu d e n t s  e x h i b i t e d  th e  
e r r o r ,  b u t  th e y  were p e r s i s t e n t  th ro u g h o u t  th e  s e v e r a l  p a p e r s .  The s t u ­
d e n t  would m u l t i p l y  t h e  o n e s '  p l a c e  and g e t  a tw o - d ig i t  p r o d u c t ;  th e n  he 
would r e c o r d  th e  d i g i t  which was th e  t e n s '  i n  th e  o n e s '  p l a c e  and c a r r y  
th e  o n e s '  p l a c e  f i g u r e  o v e r  to  t h e  t e n s '  p l a c e .
T h e re  were f o u r t e e n  exam ples , a l l  by th e  same s t u d e n t ,  o f  an 
e r r o r  i n  w hich  th e  r o l e  o f  the  c a r r i e d  number and th e  m u l t i p l i c a n d  was 
r e v e r s e d .  The c a r r i e d  number was m u l t i p l i e d  by th e  m u l t i p l i e r  and th e
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m u l t ip l i c a n d  was added to  th e  p r o d u c t .  An example was a s  f o l lo w s :  4 x 
318 -  732 when 4 x 8 = 32, r e c o rd  th e  2 and c a r r y  3 , 4 x 3 =  1 2 + 1 =
13 , re c o rd  3 and c a r r y  1 , 4 x l = 4 + 3 = 7 .
The m is c e l la n e o u s  c a te g o ry  a cc o u n te d  f o r  20 p e r c e n t  o f  th e  m u l t i ­
p l i c a t i o n  e r r o r s .  Of th e  248 e r r o r s  i n  th e  c a te g o r y ,  184 were l a b e l e d  
u n d e te rm in ed . A m a jo r i t y  o f  th e  und e te rm in ed  e r r o r s  was on s t u d e n t s '  
p a p e rs  where p r a c t i c a l l y  a l l  e x e r c i s e s  were i n c o r r e c t .  The w ork r e f l e c t ­
ed  a g e n e r a l  l a c k  o f  u n d e rs ta n d in g  o f  th e  e n t i r e  m u l t i p l i c a t i o n  p r o c e s s .  
T here  were no d i s c e r n i b l e  p a t t e r n s  o f  e r r o r s .  I t  would have b een  p u re  
c o n je c tu r e  on the  p a r t  o f  th e  exam iner to  s t a t e  a r e a s o n  f o r  th e  i n c o r ­
r e c t  e x e r c i s e .
T hree  o th e r  ty p es  o f  e r r o r s  a c c o u n te d  f o r  th e  rem a in d e r  o f  th e  
m is c e l la n e o u s  g ro u p .  Some s tu d e n t s  combined two o p e r a t io n s  i n  th e  same
e x e r c i s e .  The m ost common e r r o r  i n  combined o p e r a t io n s  was to  b e g in
m u l t i p l y in g  and end by a d d in g .  O thers  used  th e  wrong o p e r a t i o n  th ro u g h ­
o u t  the  e n t i r e  e x e r c i s e s .  There  were o t h e r s  who began work on an  e x e r ­
c i s e  b u t  f o r  some re a so n  d id  n o t  com ple te  th e  work b e f o r e  moving on to  
a n o th e r .
The f re q u e n c y  and p e rc e n ta g e  o f  th e  e r r o r s  i n  m u l t i p l i c a t i o n  w i th  
o n e - d i g i t  m u l t i p l i e r s  a r e  g iv e n  in  T ab le  9.
M u l t i p l i c a t i o n  I I
The D ia g n o s t ic  T e s t  i n  M u l t i p l i c a t i o n  o f  Whole Numbers: P a r t  I I
was g iv en  to  410 s t u d e n t s .  P a r t  I I  d i f f e r e d  w i th  P a r t  I  by h a v in g  two-
d i g i t  and t h r e e - d i g i t  m u l t i p l i e r s .  Each t e s t  had tw en ty -one  e x e r c i s e s ,
w hich  made a  p o s s i b l e  cu m u la t iv e  s c o r e  o f  8610. Of t h a t  number 164 ex ­
e r c i s e s  were  n o t  a t te m p te d  by th e  s t u d e n t s ,  w hich l e f t  a  t o t a l  o f  8446
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Table 9
A n a ly s is  o f  E r r o r s  on M u l t i p l i c a t i o n  I  T e s ts
P e rc e n ta g e  o f
Type o f  E r r o r  F requency  T o t a l  E r r o r s
C om binations
I n c o r r e c t  co m b in a tio n s  538 43%
I n c o r r e c t  z e ro  co m b in a tio n  61 5%
T o t a l  599 48%
C a r ry in g  o r  renaming
C a r r ie d  i n c o r r e c t  number 113 9%
Did n o t  c a r r y  a f t e r
renam ing  98 8%
Skipped  p la c e  w i th  z e ro
when c a r r y in g  8 1%
T o t a l  219 18%
P ro ce d u re
Added c a r r i e d  number and 
m u l t i p l i e r  when m u l t ip l i c a n d
was z e ro  52 4%
Added c a r r i e d  number t o  
m u l t i p l i c a n d  b e fo re
m u l t i p l y in g  45 4%
Recorded  two d i g i t s  i n
one p la c e  43 4%
M u l t i p l i e d  c a r r i e d  number




P e rc e n ta g e  o f
Type o f  E r r o r  F requency  T o t a l  E r ro r s
M isc e l la n e o u s
U ndeterm ined 184 157s
Combined two o p e r a t io n s  29 2%
In co m p le te  25 27s
R eversed  d i g i t s  when
r e c o r d in g  18 2%
Wrong o p e r a t i o n  10 1%
T o ta l  266 227.
Grand T o t a l  1238 100%
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e x e r c i s e s  a t t e m p te d .  There w ere  2077 i n c o r r e c t  a n sw ers ,  w hich  amounted 
t o  a p p ro x im a te ly  25 p e r c e n t  o f  th e  e x e r c i s e s  a t t e m p te d .
The d i s t r i b u t i o n  o f  i n c o r r e c t  answ ers  th ro u g h o u t  th e  seven ty p e s  
o f  e x e r c i s e s  i s  shown in  F ig u r e  4 .  W ith two e x c e p t io n s ,  Type 1 and Type 
6 , th e  ty p e s  o f  e x e r c i s e s  became p r o g r e s s i v e l y  more d i f f i c u l t .  Type 1 
and  Type 6 , which d i d  n o t  f o l l o w  the  p a t t e r n ,  d e a l t  w i th  z e r o s .  Type 1 
e x e r c i s e s  had  m u l t i p l i e r s  w hich  were m u l t i p l e s  o f  t e n .  They proved t o  
be  more d i f f i c u l t  f o r  the  group than  Type 2, w hich had o t h e r  t w o - d i g i t  
m u l t i p l i e r s .  Types 3 ,  4 , and 5 in c r e a s e d  in  d i f f i c u l t y  a t  a  s te a d y  
r a t e  as  th e  e x e r c i s e s  advanced th rough  th e  s t a g e s  o f  t w o - d i g i t  f i n a l  
p ro d u c ts  w i th o u t  renam ing , renam ing  once, and renam ing tw ic e .
The r e s u l t s  o f  the Type 6 e x e r c i s e s  r e v e a le d  t h a t  z e ro  d i f f i c u l ­
t i e s  were n o t  a s  s e r i o u s  as o t h e r  prob lem s when more complex e x e r c i s e s  
w ere  e n c o u n te re d .  Type 6 w hich em phasized ze ro s  i n  the  m u l t i p l i e r  had 
n e a r l y  40 p e r c e n t  few er  i n c o r r e c t  answ ers  th an  Type 5 . The l e v e l  o f  
d i f f i c u l t y  r o s e  to  i t s  h ig h e s t  in  Type 7 where t h r e e - d i g i t  m u l t i p l i e r s  
o t h e r  than  m u l t i p l e s  o f  one hundred  w ere  u sed .
F ig u r e  4 a l s o  shows t h e  d i s t r i b u t i o n  o f  e x e r c i s e s  n o t  a t t e m p te d .
The p e r c e n ta g e  of i n c o r r e c t  e x e r c i s e s  i n  each  ty p e  was as  
f o l lo w s :  Type 1, 12 ; Type 2 ,  10; Type 3 ,  18; Type 4 ,  27; Type 5 , 4 0 ;
Type 6 , 24; and Type 7, 44.
The i n c o r r e c t  e x e r c i s e s  were a n a ly z e d ,  and s i x t e e n  ty p es  o f  e r r o r s  
w ere  l i s t e d .  The s i x t e e n  ty p e s  o f  e r r o r s  were grouped i n  fo u r  m ajor 
c a t e g o r i e s — c o m b in a t io n s ,  c a r r y i n g ,  p r o c e d u r a l ,  and m is c e l l a n e o u s .  T ab le  
10 g iv e s  th e  f r e q u e n c y  of e ach  type  o f  e r r o r  and th e  p e rc e n ta g e  o f  th e  
t o t a l  e r r o r s  f o r  e a c h  type .


















Not a t te m p te d
Type o f  E x e rc is e
F ig u re  4
D i s t r i b u t i o n  o f  I n c o r r e c t  Answers 
i n  M u l t i p l i c a t i o n  I I  A ccord ing  
to  Type o f  E x e rc is e
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Table 10
A n a ly s is  o f  E r r o r s  on M u l t i p l i c a t i o n  I I  T e s ts
P e rc e n ta g e  o f
Type o f  E r r o r  F requency  T o ta l  E r r o r s
C om binations
I n c o r r e c t  co m b in a tio n  641 31%
I n c o r r e c t  z e ro  co m b in a tio n  79 3%
T o ta l  720 34%
C a r ry in g  o r  renaming 
Did n o t  c a r r y  o r  add
to  n e x t  column 133 6%
C a r r ie d  i n c o r r e c t  number 
o r  added c a r r i e d  number
i n c o r r e c t l y  98 5%
C a r r ie d  u n n e c e s s a r i l y  9 —
T o ta l  240 12%
P ro ce d u re
A d d i t io n  o f  p a r t i a l
p ro d u c ts  270 13%
A lig n ed  columns o f  
p a r t i a l  p ro d u c ts
i n c o r r e c t l y  225 11%
M u l t ip l i e d  each  column
in d e p e n d e n t ly  183 9%
Skipped z e ro  i n
m u l t i p l i c a n d  40  2%
Table 10 (continued)
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P e rc e n ta g e  o f
Type o f  E r r o r  F requency  T o t a l  E r r o r s
Added c a r r i e d  number 
and  m u l t i p l i e r  when
m u l t i p l i c a n d  was z e r o  39 2%
Added c a r r i e d  number 
t o  m u l t ip l i c a n d  b e f o r e
m u l t i p l y i n g  10 1%
T o ta l  767 37%
M isc e l la n e o u s
U ndeterm ined  190 9%
In co m p le te  121 6%
Combined two o p e r a t io n s  27 1%
R eversed  d i g i t s
when r e c o r d in g  11 1%
Recorded two d i g i t s
i n  one p l a c e  1 —
T o ta l  350 17%
Grand T o t a l  2077 100%
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c a se  in  M u l t i p l i c a t i o n  I .  T h e re  were 641 co m b in a tio n  e r r o r s  e x c lu d in g  
th e  z e ro  c o m b in a t io n s .  The d i s t r i b u t i o n  o f  e r r o r s  a c c o rd in g  to  th e  type 
o f  e x e r c i s e  had i n d i c a t e d  t h a t  ze ro  was a s p e c i a l  p r o b le m .a r e a .  T here  
were s e v e n ty -n in e  z e r o  co m b in a tio n  e r r o r s .  The most common z e ro  e r r o r  
was to  c o n s id e r  z e ro  th e  i d e n t i t y  e lem en t i n  m u l t i p l i c a t i o n .  The 720 
co m b in a tio n  e r r o r s  were  a p p ro x im a te ly  one t h i r d  of th e  t o t a l  number o f  
e r r o r s .  The number o f  co m b in a tio n  e r r o r s  was g r e a t e r  i n  M u l t i p l i c a t i o n  
I I  th an  in  M u l t i p l i c a t i o n  I ,  b u t  th e  p e r c e n ta g e  o f  th e  t o t a l  number o f  
e r r o r s  was l e s s  i n  M u l t i p l i c a t i o n  I I .
E r r o r s  i n  c a r r y in g  w ere  o f  th e  same ty p es  a s  were found i n  Mul­
t i p l i c a t i o n  I .  T hree  s p e c i f i c  c a r r y in g  e r r o r s  were f a i l u r e  to  c a r r y  and 
add to  th e  n ex t  colum n, c a r r y i n g  an i n c o r r e c t  number o r  add ing  th e  
c a r r i e d  number i n c o r r e c t l y ,  and c a r r y in g  u n n e c e s s a r i l y .  Two hundred  
f o r t y  c a r r y in g  e r r o r s  were a p p ro x im a te ly  12 p e r c e n t  o f  a l l  th e  e r r o r s  in  
M u l t i p l i c a t i o n  I I ,  a  lower p e rc e n ta g e  th a n  th e  c a r r y in g  e r r o r s  i n  M u l t i ­
p l i c a t i o n  I .
P r o c e d u ra l  d i f f i c u l t i e s  a cco u n ted  f o r  th e  l a r g e s t  m ajor c a te g o ry  
o f  e r r o r s .  The more complex o p e r a t i o n  w i th  tw o - d ig i t  m u l t i p l i e r s  e n ­
hanced th e  p o s s i b i l i t i e s  o f  d i f f i c u l t i e s  in  t h a t  a r e a .  There  w ere 767 
e r r o r s  c l a s s i f i e d  a s  p r o c e d u r a l ,  which c o n s t i t u t e d  a p p ro x im a te ly  37 p e r ­
c e n t  o f  a l l  e r r o r s  i n  M u l t i p l i c a t i o n  I I .
T hree  o f  th e  s i x  ty p e s  o f  p ro c e d u ra l  e r r o r s  acco u n te d  f o r  n e a r ly  
90 p e r c e n t  o f  th e  e r r o r s  in  th e  c a te g o r y .  The th r e e  m ajor types  were 
e r r o r s  i n  a d d i t i o n  o f  p a r t i a l  p r o d u c t s ,  im proper a l ig n m e n t  o f  columns o f 
p a r t i a l  p r o d u c t s ,  and im proper o rd e r  o f  m u l t i p l i c a t i o n  w i th  tw o - d i g i t  
m u l t i p l i e r s .
64
A d d i t io n  o f  th e  p a r t i a l  p ro d u c ts  was th e  s o u rc e  o f  270 e r r o r s .  
Those e r r o r s  were  n o t  l i s t e d  under co m b in a t io n  e r r o r s  b e c a u se  t h e r e  were 
o t h e r  a d d i t i o n  d i f f i c u l t i e s .  The e r r o r s  in  a d d i t i o n  o f  th e  p a r t i a l  p r o ­
d u c ts  were o f  th e  types  e v id e n t  i n  th e  a n a l y s i s  o f  a d d i t i o n .  The a d d i ­
t i o n  e r r o r s  w ere  n o t  due t o  im proper a l ig n m e n t  o f  th e  p a r t i a l  p r o d u c t s ;  
e a c h  p a r t i a l  p ro d u c t  was c o r r e c t  i n  amount and  p o s i t i o n .
Im proper a l ig n m e n t  o f  th e  p a r t i a l  p ro d u c ts  was r e s p o n s ib l e  f o r  
235 e r r o r s .  T here  were two d i s t i n c t  groups o f  s t u d e n t s  who made such  
e r r o r s .  One group o f s t u d e n t s  com m itted  th e  e r r o r  on ly  s p o r a t i c a l l y  
w i th  no ev id en ce  t h a t  t h e r e  was a com ple te  l a c k  o f  u n d e r s ta n d in g  o f  th e  
a l g o r i t h m .  Many o f  th e  e r r o r s  seemed to  be due to  c a r e l e s s n e s s  i n  r e c o r d ­
in g  th e  p a r t i a l  p r o d u c t s .  The o n ly  i n d i c a t i o n  o f  a l a c k  o f  u n d e r s ta n d in g  
came when s tu d e n t s  worked e x e r c i s e s  i n  which t h e r e  were z e ro s  i n  th e  
m u l t i p l i e r .  They were n o t  c o n s i s t e n t  even w i th  th e  z e r o  d i f f i c u l t i e s .  
T h e re  were 150 e r r o r s  com m itted by th e  s tu d e n t s  who w ere i n c o n s i s t e n t  i n  
a l ig n m e n t  e r r o r s .
A second group o f  s e v e n t y - f i v e  e r r o r s  i n  im proper a l ig n m e n t  o f  
p a r t i a l  p ro d u c ts  was made up o f  s t u d e n t s  who c o n s i s t e n t l y  made th e  same 
e r r o r .  Each p a r t i a l  p ro d u c t  was a l i g n e d  i n  a  manner i n  which th e  f i r s t  
d i g i t  was in  th e  o n e s '  p l a c e  r e g a r d l e s s  o f  th e  m u l t i p l i e r .  A t y p i c a l  







There was a l s o  a  z e ro  e r r o r  which was c o n s i s t e n t  on s e v e r a l  
p a p e r s .  Where t h e r e  was a ze ro  i n  th e  o n e s '  p l a c e  o f  th e  m u l t i p l i e r ,
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t h e  s t u d e n t  would m u l t i p l y  by th e  z e r o  and th e n  c o n t in u e  In  th e  same 
s e r i e s  w i th  m u l t i p l i c a t i o n  by th e  t e n s '  p la c e  m u l t i p l i e r s .  The r e s u l t  
was a s i n g l e  p ro d u c t  f o r  b o th  m u l t i p l i e r s  w i th  no re g a rd  f o r  p la c e  v a lu e .  
The fo l lo w in g  e r r o r  was t y p i c a l :
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The t h i r d  m ajo r  p r o c e d u r a l  e r r o r ,  com m itted 183 t im e s ,  in v o lv e d  
i n c o r r e c t  o r d e r  o f  m u l t i p l i c a t i o n  by m u l t i p l e - d i g i t  m u l t i p l i e r s .  T hat 
was th e  l a r g e s t  s i n g l e  e r r o r ,  one w hich  d i s p la y e d  a com ple te  l a c k  o f  
u n d e r s t a n d in g  o f  th e  m u l t i p l i c a t i o n  a lg o r i t h m .  S tu d e n ts  who made th e  
e r r o r  were c o n s i s t e n t  w i th  th e  m is ta k e .  Each column i n  th e  e x e r c i s e  was 
m u l t i p l i e d  in d e p e n d e n t ly :  th e  m u l t i p l i e r  i n  th e  o n e s ’ p la c e  m u l t i p l i e d
o n ly  the  m u l t i p l i c a n d  in  th e  o n e s ’ p l a c e .  The same p ro c e d u re  was fo l lo w e d  
f o r  each  p l a c e .  Numbers w ere  c a r r i e d  from one p la c e  to  th e  n e x t  h ig h e r  




I n  e x e r c i s e s  where t h e r e  were more p l a c e s  in  th e  m u l t i p l i c a n d  
th a n  in  t h e  m u l t i p l i e r ,  th e  l a s t  num eral was b ro u g h t  down. I f  a  number 
had  been  c a r r i e d  o v e r  to  t h e  f i n a l  p l a c e ,  i t  was added i n  th e  u s u a l  man­




The re m a in in g  p ro c e d u ra l  e r r o r s  were o f  th e  ty p e s  found i n  Mul­
t i p l i c a t i o n  I :  (1) s k ip p in g  over p la c e s  w here a z e ro  was i n  th e  m u l t i ­
p l i c a n d ,  ( 2) ad d in g  c a r r i e d  number to  m u l t i p l i e r  where t h e r e  was a  z e ro
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i n  th e  m u l i t p l i c a n d ,  and (3 ) add ing  th e  c a r r i e d  number t o  th e  m u l t i p l i ­
cand b e fo re  m u l t i p l y in g .
The c a te g o r y  o f  m is c e l la n e o u s  e r r o r s  had  f i v e  d i f f e r e n t  t y p e s .  
There  were 350 e r r o r s  in  th e  c a te g o r y ,  amounting t o  a p p ro x im a te ly  17 
p e r c e n t  o f  th e  e r r o r s  i n  M u l t i p l i c a t i o n  I I .
E r r o r s  w ere  u n d e te rm in ed  in  190 e x e r c i s e s .  Those u n de term ined  
e r r o r s  were d iv id e d  i n t o  two g ro u p s .  F i f t y  w ere  made by s tu d e n t s  who 
com ple ted  many o f  t h e  e x e r c i s e s  c o r r e c t l y .  One hundred  f o r t y  i n c o r r e c t  
answ ers  of u n d e te rm in ed  e r r o r  were made by s tu d e n t s  who m issed  a l l  o r  
n e a r ly  a l l  o f  th e  e x e r c i s e s  on th e  t e s t ,  d i s p l a y in g  a s e r io u s  l a c k  o f 
u n d e rs ta n d in g  o f  th e  a lg o r i th m .  With bo th  g roups th e  exam iner c o u ld  f in d  
no p a t t e r n  which would i n d i c a t e  th e  n a tu r e  o f  th e  e r r o r .  Many s tu d e n t s  
who m issed  most o f  th e  e x e r c i s e s  had p ro d u c ts  v e r y  s i m i l a r  to  th e  m u l t i ­
p l i c a n d .
One hu n d red  tw en ty -one  e x e r c i s e s  were in c o m p le te .  The in c o m p le te  
e x e r c i s e s  d id  n o t  in c lu d e  th o s e  which were n o t  a t t e m p te d .  S ev e ra l  ty p e s  
o f  incom ple te  work in c lu d e d  f a i l u r e  t o  m u l t i p l y  by each d i g i t  in  th e  
m u l t i p l i e r ,  f a i l u r e  to  add th e  p a r t i a l  p r o d u c t s ,  and f a i l u r e  to  m u l t i p l y  
each  d i g i t  i n  th e  m u l t i p l i c a n d .
Three m is c e l la n e o u s  e r r o r s  o f  minor f r e q u e n c i e s  were combined 
o p e r a t i o n s ,  r e v e r s e d  d i g i t s  in  r e c o r d in g ,  and t w o - d ig i t  p ro d u c ts  r e c o r d ­
ed i n  one p l a c e .  The combined o p e r a t io n s  in v o lv e d  m u l t i p l i c a t i o n  and 
a d d i t i o n  where m u l t i p l i c a t i o n  was n eeded . I n  th e  e x e r c i s e  538 x 47 = 
1466, th e  8 and 3 were m u l t i p l i e d  by 7 , b u t  th e  7 and 5 were added.
R e v e rsa l  o f  d i g i t s  was l i s t e d  as  a p ro c e d u ra l  e r r o r  in  M u l t i p l i ­
c a t i o n  I  and as  a m is c e l la n e o u s  e r r o r  in  M u l t i p l i c a t i o n  I I  due to  th e
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d i f f e r e n t  n a tu r e  o f  th e  two c i r c u m s ta n c e s .  I t  was p r o c e d u r a l  i n  M u l t i ­
p l i c a t i o n  I  because  t h e  e r r o r  was c o n s i s t e n t  and was fo l lo w ed  by c a r r y in g  
one o f  th e  d i g i t s  to  th e  n ex t p l a c e ,  an  e r r o r  i n  which th e  s tu d e n t  f o l ­
lowed a s e t ,  a l th o u g h  i n c o r r e c t ,  p ro c e d u re  f o r  two s t e p s .  In  M u l t i p l i c a ­
t i o n  I I  i t  was c o n s i s t e n t l y  i n  a  t e r m in a l  p o s i t i o n .  An example o f  th e  






D iv i s i o n  I
The D ia g n o s t ic  T e s t  i n  th e  D iv i s io n  o f  Whole Numbers: P a r t  I  was 
composed o f  s i x  ty p es  o f  e x e r c i s e s  w i th  o n e - d i g i t  d i v i s o r s .  Each type  
had two examples w hich made a t o t a l  o f  tw e lve  e x e r c i s e s  on th e  t e s t .
The 376 s tu d e n t s  who to o k  th e  t e s t  had a t o t a l  o f  977 i n c o r r e c t  an sw ers ,  
22 p e r c e n t  o f  the  e x e r c i s e s .
The l e v e l  o f  d i f f i c u l t y  d id  n o t  p ro g r e s s  a t  a r e g u l a r  r a t e  from 
Type 1 th ro u g h  Type 6 . The l e a s t  d i f f i c u l t  group was Type 3 w i th  two- 
d i g i t  q u o t i e n t s  and no re m a in d e r s .  The i n c o r r e c t  re sp o n se s  f o r  t h a t  
g roup were 10 p e r c e n t  o f  th e  t o t a l  a t t e m p te d .  Type 4 ,  w i th  a p p ro x im a te ly  
13 p e r c e n t  i n c o r r e c t ,  was second in  o r d e r  o f  l e a s t  d i f f i c u l t y .  Type 4 
e x e r c i s e s  d i f f e r e d  from Type 3 o n ly  in  t h e  f a c t  t h a t  Type 4 had rem a in ­
d e r s  .
Types 1, 2, 5 ,  and 6 p ro g r e s s e d  i n  d i f f i c u l t y  i n  r e l a t i o n  to  
o r d e r .  The e x e r c i s e s  i n  Type 1 had o n e - d i g i t  q u o t i e n t s  and r e m a in d e r s .  
S uccess  w i th  th e  g roup  r e q u i r e d  knowledge o f  some o f th e  b a s i c  d i v i s i o n  
f a c t s .  T h e re  were 97 i n c o r r e c t  r e s p o n s e s ,  o r  13 p e r c e n t  o f  th e  e x e r c i s e s
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a t te m p te d .  I n  Type 2 th e  s tu d e n t s  d iv id e d  m u l t i p l e s  o f  one hundred .
The b a s i c  f a c t s  were e a s i e r  th an  in  Type 1, b u t  th e  z e ro s  proved  to  be 
more d i f f i c u l t .  The i n c o r r e c t  coun t r o s e  to  140, o r  a lm o s t  19 p e r c e n t  
o f  th e  e x e r c i s e s  a t t e m p te d .  A sh a rp  in c r e a s e  in  d i f f i c u l t y  was n o te d  in  
Types 5 and 6 ; p e rc e n ta g e s  o f  i n c o r r e c t  r e sp o n se s  were 33 and 50 p e r c e n t  
r e s p e c t i v e l y .  Type 5 had t h r e e - d i g i t  d iv id e n d s  in  which th e  hundreds 
were n o t  d i v i s i b l e .  Type 6 had l a r g e r  d iv id e n d s ,  f o u r - d i g i t  and f i v e ­
d i g i t ,  w i th  z e ro  in  a m ed ia l  p o s i t i o n  i n  th e  q u o t i e n t .
The two c h i e f  c h a r a c t e r i s t i c s  o f  the  d i s t r i b u t i o n  o f  e r r o r s  a c ­
c o rd in g  to  type  o f  e x e r c i s e s  were th e  r e l a t i v e  e a se  o f  Types 3 and 4  and 
th e  in c r e a s e d  d i f f i c u l t y  o f  Types 5 and 6 . The ease  o f  Types 3 and 4 
c o u ld  have been  th e  f a c t  t h a t  a l th o u g h  th e  q u o t i e n t  was o f  two d i g i t s ,  
e ach  p la c e  co u ld  be d iv id e d  by knowing th e  s im p le s t  b a s i c  f a c t s .  The 
e x e r c i s e s  i n  Types 5 and 6 were the  f i r s t  ones in  which th e  s tu d e n t  had 
to  know th e  com ple te  d i v i s i o n  p ro c e ss  in  o rd e r  to  com ple te  th e  w ork. Up 
to  t h a t  p o i n t ,  a s tu d e n t  who knew th e  b a s i c  d i v i s i o n  f a c t s  cou ld  work 
th e  e x e r c i s e s  i n  s h o r t  d i v i s i o n  form.
F ig u r e  5 shows th e  d i s t r i b u t i o n  o f  e r r o r s  in  D iv i s io n  I  a c c o r d ­
in g  to  ty p es  o f  exam ples . The f i g u r e  a l s o  shows t h a t  f o r  th e  f i r s t  time
on one o f  th e  d i a g n o s t i c  t e s t s ,  each  type  o f  e x e r c i s e  i n  D iv is io n  I  had
s e v e r a l  e x e r c i s e s  which w ere n o t a t t e m p te d .  Type 2 had o n ly  f i v e  w hich 
were n o t  a t t e m p te d ,  b u t  Type 6 had s i x t y - f o u r .
T here  were f i f t e e n  s p e c i f i c  ty p e s  o f  e r r o r s  c a ta lo g u e d  from th e  
D iv i s io n  I  t e s t s .  The 993 e r r o r s  were c a te g o r iz e d  under t h r e e  m ajor 
d i v i s i o n s - « r e l a t e d  o p e r a t i o n s ,  p r o c e d u r a l ,  and m is c e l la n e o u s .
E r r o r s  in  r e l a t e d  o p e r a t io n s  were o f  t h r e e  s p e c i f i c  ty p e s .  Mul- 
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te rm  m u l t i p l i c a t i o n - d i v i s i o n  c o m b in a tio n s  was used in  r e f e r e n c e  to  th e  
a s s o c i a t e d  b a s ic  f a c t s  o f  th e  two o p e r a t i o n s .  To have a t te m p te d  to  d i s ­
t i n g u i s h  between th e  two o p e r a t io n s  would have been a moot p o i n t .  Was 
54 ■— 6 = 7 a d i v i s i o n  e r r o r  when c o n s id e re d  a s  a f a c t  and 7 x 6 = 54 a 
m u l t i p l i c a t i o n  e r r o r ?  R e g a rd le s s  o f  the  l a b e l  g iv en  th o s e  com bina tion  
e r r o r s ,  th e y  a cco u n ted  f o r  ab o u t 21 p e r c e n t  o f  a l l  e r r o r s .  S e v e n ty -n in e  
e r r o r s  were made i n  s u b t r a c t i o n  w i t h i n  th e  d i v i s i o n  o p e r a t i o n .  Ten 
e r r o r s  were due to  i n c o r r e c t  a d d i t i o n  o f  p a r t i a l  q u o t i e n t s  when th e  su b ­
t r a c t i v e  method o f  d i v i s i o n  was u sed .
O v e r a l l ,  30 p e r c e n t  o f  a l l  e r r o r s  i n  D iv is io n  I  were due to  d i f f i ­
c u l t i e s  w i th  r e l a t e d  o p e r a t i o n s .  The s tu d e n t s  who made th o se  e r r o r s  d i s ­
p la y e d  in  t h e i r  work an u n d e r s ta n d in g  o f  th e  d i v i s i o n  p r o c e s s .
P ro c e d u ra l  e r r o r s  w ere  th e  most s e r io u s  o f any m ajor group because  
o f  t h e i r  h ig h  f re q u e n c y  and i n d i c a t i o n  o f  l a c k  o f  u n d e rs ta n d in g  o f  th e  
p ro c e s s  on the p a r t  o f  th e  s t u d e n t s .  The 483 p ro c e d u ra l  e r r o r s  were a l ­
m ost h a l f  o f  a l l  e r r o r s .
Two p ro c e d u re s  were used by th e  s tu d e n t s  in  w orking  th e  d i v i s i o n  
e x e r c i s e s .  E ig h ty - tw o  s tu d e n t s  used  th e  s u b t r a c t i v e  m ethod, o r  a p p r o x i ­
m a te ly  22 p e rc e n t  o f  the  s tu d e n t s  who took  th e  D iv i s io n  I  t e s t .  The 
o th e r  s tu d e n t s  used  th e  c o n v e n t io n a l  method.
Zeros were th e  so u rc e  o f  many p ro c e d u ra l  e r r o r s .  The most f r e ­
q u e n t  type  was o m iss io n  o f  z e ro s  i n  th e  q u o t i e n t .  When th e  s tu d e n t  came 
t o  a p a r t i a l  d iv id e n d  w i t h i n  th e  e x e r c i s e  which was n o t  d i v i s i b l e ,  he 
would n o t  re c o rd  a z e ro  in  th e  q u o t i e n t  b u t  b r in g  down a n o th e r  number 
and  c o n t in u e  w i th  th e  d i v i s i o n .  O ften  the  s tu d e n t s  would le av e  a b la n k  
sp ace  i n  th e  q u o t i e n t  where th e  z e ro  was to  have been . In  e x e r c i s e s  
w here  th e  l a s t  p a r t i a l  d iv id e n d  was n o t  d i v i s i b l e  i t  was g iv e n  as th e
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re m a in d e r ,  b u t  a ze ro  was n o t  re c o rd e d  in  th e  q u o t i e n t .  There  were 147 
e r r o r s  in v o lv in g  o m iss io n  o f  z e ro s  i n  th e  q u o t i e n t .  An example o f  th e  
e r r o r  was a s  fo l lo w s :
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In  e x e r c i s e s  where th e  d iv id e n d  was a  m u l t i p l e  o f  one hundred  th e  
z e ro s  a g a in  caused  d i f f i c u l t i e s .  The tendency was to  d i s r e g a r d  th e  ze ro s  
and d iv id e  o n ly  the  o th e r  numbers. There were n i n e t y - f o u r  e r r o r s  o f  t h i s  
ty p e ;  f o r  exam ple, 1200 -f" 2 = 6 o r  1200 -7- 2 = 60. The e r r o r  was sim ­
i l a r  to  the  one c i t e d  i n  which ze ro s  were o m i t te d  from th e  q u o t i e n t .  In  
b o th  types  th e  s tu d e n t s  were  n o t  c o n s i s t e n t  i n  c a r r y in g  o u t  the  p ro c e d u re  
i n  a s y s te m a t ic  manner.
A t h i r d  type o f  p ro c e d u ra l  e r r o r  s i m i l a r  to  the  f i r s t  two was 
f a i l u r e  to  d i v i d e  a l l  d i g i t s  i n  th e  d iv id e n d .  S tu d e n ts  who used th e  sub ­
t r a c t i v e  method o f  d i v i s i o n  o f t e n  s to p p ed  when th e y  had a p a r t i a l  d i v i ­
dend l a r g e r  th a n  the  d i v i s o r .  Some s t u d e n t s ,  u s in g  th e  c o n v e n t io n a l  
m ethod, f a i l e d  to  d iv id e  th e  l a s t  d i g i t  when th e  q u o t i e n t  was z e r o .  They 
d id  n o t  omit th e  ze ro  in  th e  q u o t i e n t  in  the  m ed ia l  p o s i t i o n s  as o t h e r  
s t u d e n t s  had done. O th e rs  s im ply  f a i l e d  to  c o n t in u e  th ro u g h  the  e x e r c i s e  
even  when th e  p a r t i a l  d iv id e n d  was d i v i s i b l e .  There were n i n e t y - f i v e  
e r r o r s  due t o  f a i l u r e  to  d iv id e  a l l  d i g i t s  i n  th e  d iv id e n d .
E s t im a t io n  o f  q u o t i e n t  proved  to  be a n o th e r  so u rc e  o f  e r r o r s .  
U n d e re s t im a t io n  w ith  i t s  en su in g  c o m p lic a t io n s  was r e s p o n s ib l e  f o r  f i f t y -  
s i x  e r r o r s .  The e r r o r  r e s u l t e d  in  th e  same p l a c e s  in  th e  d iv id e n d  b e in g  
d iv id e d  tw ic e .  Each p a r t i a l  q u o t i e n t  was g iv e n  a s e p a r a t e  p la c e  w hich
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r e s u l t e d  i n  a d i s r e g a r d  f o r  p l a c e  v a lu e .  The fo l lo w in g  example o f  th e  
e r r o r  was t y p i c a l :
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When th e  q u o t i e n t  was u n d e r e s t im a te d ,  th e  rem a inder  9 was d iv id e d  by th e  
d i v i s o r .  The second p a r t  o f  th e  q u o t i e n t ,  1, was g iv e n  a s e p a r a t e  p l a c e ,  
and the  rem a in in g  p ro c e d u re  c a r r i e d  o u t .  O ther s t u d e n t s  l e f t  a rem ainder 
l a r g e r  th a n  th e  d i v i s o r  when th e  f i n a l  d i g i t s  were d iv id e d .
T here  were tw e n ty -s e v e n  e r r o r s  i n  which th e  q u o t i e n t  was o v e r­
e s t im a te d .  The i n e v i t a b l e  r e s u l t  was a s u b t r a c t i o n  e r r o r .  The e r r o r s  
were n o t  c a t e g o r i z e d  a s  s u b t r a c t i o n  e r r o r s  becau se  th e  p r im ary  e r r o r  was 
o v e r e s t im a te d ;  s u b t r a c t i o n  was a means o f  co m pensa tion .
Two o th e r  ty p e s  o f  p r o c e d u r a l  e r r o r s  were d e te c te d  a l th o u g h  th e  
re a so n s  f o r  them were n o t  c l e a r .  F o r t y - e i g h t  e r r o r s  were due to  c a r r y ­
in g  th e  o p e r a t i o n  an  e x t r a  s t e p  by b r in g i n g  down a z e ro  which was no t a  
p a r t  o f  th e  d iv id e n d .  One p o s s i b l e  r e a s o n  co u ld  have been t h a t  th e  s t u ­
d e n ts  had worked w i th  d e c im a ls ,  and p a r t  o f  th e  p ro ced u re  had c a r r i e d  
o v e r .  The d i f f i c u l t y  ; .ro se  when no dec im al p o i n t  was p laced  i n  th e  quo­
t i e n t .  T here  were e i g h t  examples o f  e x e r c i s e s  i n  which the  p a r t i a l  
rem a in d ers  were e l im in a t e d  b e f o r e  a n o th e r  number in  th e  d iv id e n d  was 
b ro u g h t  down. The fo l lo w in g  was an  example o f  th e  e r r o r :
F iv e  ty p e s  o f  e r r o r s  were c a t e g o r i z e d  a s  m is c e l la n e o u s .  Of m ajor 
consequence  were 185 e r r o r s  o f  unde term ined  n a t u r e .  Of t h a t  number, 125 
were on s t u d e n t s '  p ap e rs  where a l l  a t te m p te d  e x e r c i s e s  were i n c o r r e c t .  
Those e r r o r s  cou ld  have b een  c o n s id e re d  p ro c e d u ra l  due to  th e  a p p a r e n t  
l a c k  o f  u n d e rs ta n d in g  o f  th e  o p e r a t i o n s .
Three m is c e l la n e o u s  e r r o r s  were low in  f r e q u e n c y :  (1) i n c o r r e c t ­
l y  re c o rd ed  q u o t i e n t ,  (2) i n c o r r e c t l y  re c o rd e d  re m a in d e r ,  and (3) r e v e r ­
s a l  o f  p a r t i a l  q u o t i e n t  and d i v i s o r .  Two o f the  e r r o r s  o c c u r re d  on ly  
when th e  s u b t r a c t i v e  method was u sed .  The most s e r i o u s  was th e  i n c o r r e c t ­
l y  re c o rd ed  q u o t i e n t .  S tu d e n ts  com pleted  th e  e x e r c i s e  by th e  s u b t r a c t i v e  
m ethod, g o t  th e  c o r r e c t  an sw er,  b u t  d id  n o t  r e c o g n iz e  the  answer a s  such  
and re c o rd e d  a n o th e r  p a r t  o f  the  work a s  th e  q u o t i e n t .  The fo l lo w in g  
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The r e v e r s a l  o f  th e  3 and 2 in  the  second p a r t i a l  q u o t i e n t  r e s u l t e d  i n
a  sum o f  33 r a t h e r  than  32.
A l l  m is c e l la n e o u s  e r r o r s  numbered 219, o r  22 p e r c e n t  o f  th e  e r r o r s  
i n  D iv i s io n  I .
T ab le  11 shows the  f r e q u e n c ie s  and p e rc e n ta g e s  o f  a l l  ty p e s  o f  
e r r o r s  i n  D iv i s io n  I .
D iv is io n  I I
The D ia g n o s t ic  T e s t  i n  D iv is io n  o f  Whole Numbers: P a r t  I I  was
a d m in is te r e d  to  fo u r  hundred s t u d e n t s .  The t e s t  was composed o f  tw e lve  
e x e r c i s e s  o f  s i x  d i f f e r e n t  t y p e s .  The t o t a l  number o f  e x e r c i s e s  f o r  the  
group was 4800. There  were 219 e x e r c i s e s  which were n o t  a t te m p te d  by 
the  s t u d e n t s ,  which l e f t  a t o t a l  o f  4581 e x e r c i s e s  a t te m p te d .  Of th e  
4581 e x e r c i s e s  a t te m p te d ,  1456 were i n c o r r e c t ,  o r  a p p ro x im a te ly  32 p e r ­
c e n t .
The d i f f i c u l t y  o f  th e  s i x  types  o f  e x e r c i s e s  s t e a d i l y  p ro g r e s s e d  
from Type 1 th ro u g h  Type 4 ,  The emphasis in  Type 1 was on ze ro s  i n  b o th  
the  d i v i s o r  and d iv id e n d .  The tw o - d ig i t  d i v i s o r s  were m u l t i p l e s  o f  t e n ,  
and th e  d iv id e n d  a l s o  ended i n  z e r o .  The s e v e n ty - s ix  i n c o r r e c t  e x e r c i s e s  
i n  Type 1 were n e a r ly  10 p e r c e n t  o f  th o se  a t te m p te d .  Type 2 had o t h e r  
t w o - d i g i t  d i v i s o r s  and t h r e e - d i g i t  d iv id e n d s .  The q u o t i e n t s  were more 
d i f f i c u l t  to  e s t i m a t e ,  and t h e r e  were re m a in d e r s .  The number i n c o r r e c t  
ro se  t o  139 o r  a lm o s t  17 p e r c e n t .  The s h a r p e s t  in c r e a s e  i n  e r r o r s  was 
found i n  Type 3 . T ha t group was made up o f  e x e r c i s e s  i n  which th e  quo­
t i e n t  was more d i f f i c u l t  to  e s t i m a te  due to  the  d i v i s o r ' s  b e in g  n e a r  th e  
c e n te r  o f  th e  d ecad e .  There  were 262 i n c o r r e c t  e x e r c i s e s  i n  Type 3 ,  o r  
one t h i r d  o f  th o s e  a t te m p te d .  The in c r e a s e  i n  d i f f i c u l t y  c o n t in u e d  w i th  
Type 4 ,  w hich had 344 i n c o r r e c t  and f i f t y - f i v e  n o t  a t t e m p te d .  The
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Table 11
A n a ly s is  o f  E r r o r s  on D iv is io n  I  T es ts
Type o f E r r o r Frequency
P e rc e n ta g e  of 
T o ta l  E r r o r s
R e la te d  o p e r a t io n s
M u l t i p l i c a t i o n  and 
d i v i s i o n  com bina tions 210 21%
S u b t r a c t io n 79 8%
A d d it io n 10 1%
T o ta l 299 30%
Procedure
O m itted  z e r o s  in  q u o t i e n t 147 15%
Did n o t  d iv id e  a l l  
d i g i t s  i n  d iv id e n d 95 10%
Did n o t  d iv id e  ze ro s  
i n  d iv id e n d 94 10%
U n d eres t im a ted  q u o t i e n t 56 6%
C a r r ie d  o p e r a t io n  
e x t r a  s t e p 48 5%
O v e re s t im a te d  q u o t i e n t 27 3%
E lim in a te d  p a r t i a l  
rem a inder  b e fo re  b r in g in g  
down number 8 1%
B rought down i n c o r r e c t  
number 8 1%
T o ta l 483 49%
Table 11 (continued)
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Type o f  E r ro r F requency
P e rc e n ta g e  o f  
T o ta l  E r r o r s
M isc e l la n eo u s
Undetermined
Recorded q u o t i e n t  
i n c o r r e c t l y
Recorded rem a in d er  
i n c o r r e c t l y
R eversed  p a r t i a l  q u o t i e n t  
and d i v i s o r
T o t a l














i n c o r r e c t  were 46 p e r c e n t  o f  th o s e  a t te m p te d .
The t r e n d  toward more d i f f i c u l t y  was r e v e r s e d  w ith  Type 5 . The 
number i n c o r r e c t  d e c re a se d  to  298, s l i g h t l y  o v e r  39 p e r c e n t  o f  th o se  
a t te m p te d .  A lthough  t h e r e  were few er i n c o r r e c t  e x e r c i s e s  i n  Type 5 th a n  
Type 4 ,  th e r e  was more u n i f o r m i ty  in  th e  re a s o n s  f o r  the  i n c o r r e c t  answ ers . 
Most o f  th e  e r r o r s  in  Type 5 were due to  d i f f i c u l t y  w i th  z e ro  in  a m ed ia l  
p o s i t i o n  in  th e  q u o t i e n t .
Type 6 had a d i f f i c u l t y  l e v e l  s i m i l a r  to  t h a t  of Type 4 .  There 
were few er e x e r c i s e s  a c t u a l l y  m issed  in  Type 6 , b u t  when th e  e x e r c i s e s  
n o t  a t te m p te d  were d ed u c ted ,  t h e r e  was a h ig h e r  p e rc e n ta g e  o f  th o s e  a t ­
tem pted  which were i n c o r r e c t .  There  were 106 o f th e  group w hich  were n o t  
a t te m p te d ,  which l e f t  694 Type 6 e x e r c i s e s  a t te m p te d  by th e  s t u d e n t s .
The d i f f e r e n c e  betw een Type 6 e x e r c i s e s  and th e  o t h e r  ty p es  was t h a t  th e y  
had  t h r e e - d i g i t  d i v i s o r s .  The 337 i n c o r r e c t  were n e a r l y  49 p e r c e n t  o f  
the  t o t a l  worked.
F ig u re  6 shows th e  d i s t r i b u t i o n  o f  e r r o r s  and n o t - a t t e m p te d  e x e r ­
c i s e s  on th e  D iv i s io n  I I  t e s t .
An a n a l y s i s  o f  th e  i n c o r r e c t  e x e r c i s e s  on th e  D iv i s io n  I I  t e s t s  
r e s u l t e d  in  th e  c l a s s i f i c a t i o n  o f  1474 e r r o r s .  The e r r o r s  were grouped 
in  th e  t h r e e  m ajo r c a t e g o r i e s :  r e l a t e d  o p e r a t i o n s ,  p r o c e d u r a l ,  and
m is c e l l a n e o u s .
Almost one h a l f  o f  a l l  e r r o r s  on th e  D iv i s io n  I I  t e s t s  were due 
t o  d i f f i c u l t i e s  w ith  r e l a t e d  o p e r a t io n s  w i t h i n  the  d i v i s i o n  e x e r c i s e s .
There  were fo u r  ty p es  o f  e r r o r s  w i th in  th e  c a te g o r y .  The ty p e s  in c lu d e d  
e r r o r s  in  m u l t i p l i c a t i o n ,  s u b t r a c t i o n ,  m u l t i p l i c a t i o n - d i v i s i o n  combina­
t i o n s ,  and a d d i t i o n .












Not a t te m p te d
1 2  3 4
Type o f  E x e rc is e  
F ig u r e  6
D i s t r i b u t i o n  o f  I n c o r r e c t  Answers 
i n  D iv i s io n  I I  A cco rd ing  to  
Type o f  E x e rc is e
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t o  i n c o r r e c t  c o m b in a t io n s .  The e r r o r s  were o f  th e  ty p e s  a l r e a d y  p r e s e n te d  
i n  th e  a n a l y s i s  o f  m u l t i p l i c a t i o n .  One m ajor d i f f i c u l t y  in v o lv e d  m u l t i ­
p l i c a t i o n  i n  which ze ro s  w ere in c lu d e d  in  e i t h e r  th e  d i v i s o r  o r  th e  
q u o t i e n t .  The problem  was e s p e c i a l l y  p r e v a l e n t  when th e  s u b t r a c t i v e  
method was u se d .  With th e  e x e r c i s e s  s e t  in  a  h o r i z o n t a l  form, s t u d e n t s  
w ere  prone to  make e r r o r s  i n  d e te rm in in g  th e  number o f  p la c e s  i n  t h e  p ro ­
d u c t .  The e x e r c i s e  90 ) 450 was m issed  o f t e n  due to  th e  s t u d e n t s 1 mul­
t i p l i c a t i o n  b e in g  50 x 90 = 450. The e r r o r  was n o t  c o n s id e re d  a 
co m b in a t io n  e r r o r  becau se  th e  co m b in a tio n  o f  5 x 9 = 45 was c o r r e c t .  Over 
18 p e r c e n t  o f  a l l  e r r o r s  w ere  due to  m u l t i p l i c a t i o n  d i f f i c u l t i e s  o th e r  
t h a n  c o m b in a t io n s .
M u l t i p l i c a t i o n - d i v i s i o n  co m b in a tio n s  were t h e  so u rc e  o f  a n o th e r  
165 e r r o r s .  They acco u n te d  f o r  a p p ro x im a te ly  11 p e r c e n t  o f  a l l  e r r o r s  
on the  t e s t s .  With b o th  ty p e s  o f  m u l t i p l i c a t i o n  e r r o r s  were c o n s id e r e d ,  
t h e y  were n e a r ly  30 p e r c e n t  o f  the  e r r o r s .
The second most f r e q u e n t  e r r o r  in  th e  r e l a t e d - o p e r a t i o n s  group 
was s u b t r a c t i o n .  T here  were 260 s u b t r a c t i o n  e r r o r s  i d e n t i f i e d .  An e r r o r  
was c l a s s i f i e d  as  a s u b t r a c t i o n  e r r o r  i f  th e  s u b t r a c t i o n  was th e  s o l e  o r  
p r im ary  s o u rc e  o f  e r r o r .  O ther s u b t r a c t i o n  e r r o r s  were in v o lv e d  i n  
e x e r c i s e s  i n  which th e  q u o t i e n t  was o v e r e s t im a te d ,  b u t  th e y  were n o t  
c o n s id e re d  a s  p r i m a r i l y  s u b t r a c t i o n  e r r o r s  b eca u se  th e  o v e r e s t im a t io n  
came f i r s t  and was th e  p r i n c i p a l  e r r o r .
The number o f  a d d i t i o n  e r r o r s  was r e l a t i v e l y  s m a l l ,  tw en ty -o n e . 
They o c c u r re d  when th e  s u b t r a c t i v e  method was used  and p a r t i a l  q u o t i e n t s  
w ere  added .
E r r o r s  in  p ro c e d u re  a cco u n ted  f o r  one t h i r d  o f  a l l  e r r o r s  on the  
D iv i s io n  I I  t e s t s ,  a  t o t a l  o f  489 p r o c e d u r a l  e r r o r s  o f  e i g h t  s p e c i f i c
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t y p e s .  The s u b t r a c t i v e  o r c o n v e n t io n a l  method was used  a s  was th e  c a se  
w i th  D iv is io n  I .  E ig h ty  o f  fo u r  hundred  s tu d e n t s  used th e  s u b t r a c t i v e  
m ethod.
The most f r e q u e n t  p ro c e d u r a l  e r r o r s ,  189, were u n d e r e s t im a t io n  
o f  th e  q u o t i e n t .  The d i f f i c u l t y  was th e  same a s  f o r  D iv i s io n  I ;  d i v i s i o n  
o f  th e  same p la c e  i n  th e  d iv id e n d  more than  one tim e  and p la c i n g  each  
p a r t i a l  q u o t i e n t  in  a  d i f f e r e n t  p l a c e .
Two o th e r  c l o s e l y  r e l a t e d  d i f f i c u l t i e s  w ere  found f r e q u e n t ly  
b o th  o f  w hich ap p ea red  in  D iv i s io n  I  where exam ples o f  e r r o r s  were g iv e n .  
Z e ro s  o m it te d  i n  th e  q u o t i e n t  a cco u n ted  f o r  139 e r r o r s .  The second ty p e  
was where a l l  d i g i t s  i n  th e  d iv id e n d  w ere  no t d i v i d e d .  I n  some c a se s  
th e  s tu d e n t  s to p p ed  b e fo re  he com ple ted  the  e x e r c i s e .  A common m is ta k e  
was th e  f a i l u r e  to  d iv id e  th e  f i n a l  p o s i t i o n  i n  th e  d iv id e n d  when th e  
q u o t i e n t  ended i n  z e r o .
T h i r t y - f o u r  e r r o r s  o f  o v e re s t im a t io n  o f  th e  q u o t i e n t  o c c u r r e d .
The e r r o r s  were  n o t  d is c o v e re d  by th e  s tu d e n t s  even  a f t e r  m u l t i p l i c a t i o n  
and  s u b t r a c t i o n  o f  a l a r g e r  from a s m a l le r  number.
A n o th e r  e r r o r  was n o te d  tw enty  t im es : th e  re m a in d e rs  w i th in  th e
e x e r c i s e  were d iv id e d  b e f o r e  a n o th e r  number in  th e  d iv id e n d  was b ro u g h t  
down. The e r r o r  r e s u l t e d  i n  ad d in g  z e ro s  to  th e  q u o t i e n t .  The f o l lo w ­
in g  was an  example o f  the  k in d  o f  e r r o r :
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A f t e r  125 was s u b t r a c t e d  from 143, th e  rem a in d er  18 was d iv id e d  by 25 
b e f o r e  th e  6 was b ro u g h t  down. The same was r e p e a t e d  w i th  th e  re m a in d e r  
11.
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Three  o th e r  ty p e s  o f  e r r o r s  o f  low freq u e n cy  com pleted th e  p r o ­
c e d u r a l  e r r o r s :  t h e  d i v i s i o n  was c a r r i e d  an  e x t r a  s t e p ,  the  i n c o r r e c t
number was b ro u g h t  down, and th e  p a r t i a l  rem a in d ers  w ere  e l im in a te d  
b e fo re  a n o th e r  number was b ro u g h t  down. Each had been  p re s e n te d  in  D iv i ­
s io n  1 e x e r c i s e s .
The m is c e l la n e o u s  c a te g o r y  had fo u r  ty p es  o f  d i f f i c u l t i e s ,  one 
o f  which was o f  s i g n i f i c a n c e .  The s o u rc e s  o f  e r r o r s  were undeterm ined  
i n  252 i n c o r r e c t  e x e r c i s e s .  A m a jo r i t y  o f  th o s e  e x e r c i s e s  were on p a p e rs  
where m ost o f  the  w ork was i n c o r r e c t .  I t  ap p ea red  t h a t  the s tu d e n t s  were 
th o ro u g h ly  con fused  and w ro te  a n y th in g  to  f i l l  the  s p a c e s .
The o th e r  m is c e l la n e o u s  e r r o r s  in c lu d e d  i n c o r r e c t l y  re c o rd e d  
q u o t i e n t s  and i n c o r r e c t l y  r e c o rd e d  re m a in d e rs  a f t e r  t h e  e x e r c i s e  had been  
com pleted  c o r r e c t l y .  Some in s t a n c e s  o f  r e v e r s a l  o f  q u o t i e n t  and d i v i s o r  
w here  th e  s u b t a c t i v e  method was used were ev id en c e d .
The f re q u e n c y  and p e r c e n ta g e  o f  each  type  o f  e r r o r  on th e  D iv i s io n  
I I  t e s t  i s  p r e s e n te d  i n  T ab le  12.
The two s e t s  o f  d i v i s i o n  t e s t  r e s u l t s  r e v e a le d  th a t  s i m i l a r  e r r o r s  
were  p r e s e n t  in  e a c h .  The f re q u e n c y  o f  p ro c e d u ra l  e r r o r s  in  e ac h  was 
a lm o s t  i d e n t i c a l ,  w i th  483 i n  D iv i s io n  I  and 489 in  D iv i s io n  I I .  M is c e l ­
lan eo u s  e r r o r s  i n  t h e  two g roups  were s i m i l a r  i n  type  and had a p p ro x im a te ly  
th e  same f re q u e n c y .
D i f f i c u l t y  w i t h  r e l a t e d  o p e r a t io n s  was the  m a jo r  d i f f e r e n c e  i n  
th e  r e s u l t s  o f  th e  two g ro u p s .  A lthough  th e  e r r o r s  w ere  o f t h e  same 
ty p e s ,  th e  f req u e n cy  was g r e a t l y  in c r e a s e d  i n  D iv is io n  I I .  Seven hundred  
e ig h te e n  e r r o r s  i n  r e l a t e d  o p e r a t io n s  were found  in  D iv i s io n  I I  compared 
to  299 i n  D iv is io n  I .
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Table 12
A n a ly s is  o f  E r r o r s  on D iv is io n  I I  T e s ts
Type o f  E r r o r Frequency
P e rc e n ta g e  o f  
T o ta l  E r ro r s
R e la te d  o p e r a t io n s
M u l t i p l i c a t i o n  272
S u b t r a c t io n  260
M u l t i p l i c a t i o n  and
d i v i s i o n  com bina tions  165
A d d i t io n  21
T o t a l  718
P ro ce d u re
U n d e res t im a ted  q u o t i e n t  189
O m itted  z e ro  in  q u o t i e n t  139
Did n o t  d iv id e  a l l
d i g i t s  i n  d iv id e n d  89
O v e res t im a ted  q u o t i e n t  34
D iv ided  rem ainder b e fo re
b r in g i n g  down 20
C a r r ie d  o p e r a t io n
e x t r a  s t e p  9
B rought down i n c o r r e c t
number 6
















P e rc e n ta g e  o f
Type o f  E r ro r  F requency  T o t a l  E r r o r s
M isc e l la n e o u s
Undetermined 252 17%
Recorded q u o t i e n t
i n c o r r e c t l y  8 1%
Recorded rem ainder
i n c o r r e c t l y  4  —
Reversed p a r t i a l
q u o t i e n t  and d i v i s o r  3 —
T o ta l  267 18%
Grand T o t a l  1474 100%
Chapter 5
SUMMARY AND CONCLUSIONS 
SUMMARY
T his  s tu d y  had  th e  f o l lo w in g  as  i t s  p u rp o s e s :  (1 ) to  d e te rm in e
th e  ty p e s  and f r e q u e n c y  o f  e r r o r s  com m itted by s e l e c t e d  e le m e n ta ry  s t u ­
d e n ts  i n  t h e i r  co m p u ta t io n s  w ith  whole num bers, (2 )  to  d e v i s e  a d ia g n o s ­
t i c  in s t ru m e n t  th ro u g h  which d a ta  cou ld  be  c o l l e c t e d  f o r  th e  s tu d y ,  and 
(3) to  d e te rm in e  i f  s p e c i f i c  ty p e s  o f  e x e r c i s e s  i n  each o p e r a t i o n  were 
e s p e c i a l l y  d i f f i c u l t .  The s tu d y  in c lu d e d  each o f  th e  whole number o p e ra ­
t i o n s — a d d i t i o n ,  s u b t r a c t i o n ,  m u l t i p l i c a t i o n ,  and d i v i s i o n .
The s tu d y  was l im i t e d  t o  s i x t h - g r a d e  s tu d e n t s  o f  t h e  p u b l i c  
s c h o o ls  i n  L iv in g s to n  P a r i s h ,  L o u i s i a n a .  E r r o r  a n a l y s i s  was l i m i t e d  to  
e x a m in a t io n  o f w r i t t e n  work on a s e r i e s  o f  t e s t s  d ev ise d  by th e  w r i t e r .  
Data w ere c o l l e c t e d  from t e s t s  a d m in is te r e d  to  690 s tu d e n t s  d u r in g  th e  
l a s t  month o f  th e  1970-71 sch o o l s e s s i o n .
Each s t u d e n t  was g iv en  th e  S c re e n in g  T e s t  in  Whole Numbers t o  
p la c e  him i n  an a p p r o p r i a t e  g roup  f o r  f u r t h e r  s tu d y .  The s c r e e n in g  t e s t  
had s i x  s u b - p a r t s  which examined th e  s tu d e n t s  in  th e  fo u r  o p e r a t i o n s  w ith  
whole numbers. Based on th e  r e s u l t s  o f  th e  s c o r e s  on each o f  th e  s i x  
s u b - p a r t s  o f  th e  S c reen in g  T es t  i n  Whole Numbers, each s t u d e n t  was p la c e d  
i n  one o f  t h r e e  p e rfo rm ance  g ro u p s .  Group One was composed o f s tu d e n t s  
who perfo rm ed  w i th  100 p e r c e n t  a c c u ra c y .  Group Two had s tu d e n t s  who 
d e m o n s tra ted  an u n d e r s ta n d in g  o f  th e  o p e r a t io n  b u t  e x h ib i t e d  some ev id en ce
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o f  d i f f i c u l t y .  Group T hree  in c lu d e d  th o se  s t u d e n t s  who co u ld  n o t  a c c u ­
r a t e l y  com ple te  any o f  th e  e x e r c i s e s .
S tu d e n ts  who were p la c e d  i n  Group Two on any s u b - p a r t  o f  th e  
s c r e e n in g  t e s t  were g iven  a more d e t a i l e d  d i a g n o s t i c  t e s t  i n  th e  same 
o p e r a t i o n .  The d i a g n o s t i c  t e s t s  were sco red  and each  i n c o r r e c t  e x e r c i s e  
was a n a ly z e d  i n  o rd e r  to  d e te rm in e  th e  e r r o r  w hich caused  th e  i n c o r r e c t  
r e s p o n s e .  Each type  o f  e r r o r  and i t s  f req u en cy  was en u m era ted .  R e la te d  
ty p e s  o f  e r r o r s  were combined in  b road  c a t e g o r i e s  such  a s  c o m b in a t io n s ,  
p r o c e d u r e ,  renam ing , r e l a t e d  o p e r a t i o n s ,  and m is c e l l a n e o u s .  A t o t a l  o f  
9172 e r r o r s  were a n a ly z e d .
The r e l a t i v e  d eg ree  o f  d i f f i c u l t y  among th e  s i x  o p e r a t io n s  was 
judged  by two c r i t e r i a .  Based on th e  p e rc e n ta g e s  o f  s t u d e n t s  who sco red  
i n  Group One—p e r f e c t  s c o r e s —and Group T h ree— zero  s c o r e s — on the  S c re e n ­
in g  T e s t  in  Whole Numbers, the  d i f f i c u l t y  l e v e l  from e a s i e s t  to  most 
d i f f i c u l t  was as fo l lo w s :  A d d i t io n ,  M u l t i p l i c a t i o n  I ,  S u b t r a c t i o n ,
D iv i s io n  I ,  M u l t i p l i c a t i o n  I I ,  and D iv is io n  I I .  The p e rc e n ta g e  of i n c o r ­
r e c t  answers on each  o f th e  d i a g n o s t i c  t e s t s  was th e  second means of 
d e te r m in in g  the  l e v e l  o f  d i f f i c u l t y  o f  the  d i f f e r e n t  o p e r a t i o n s .  The 
o r d e r  o f  d i f f i c u l t y  and th e  p e rc e n ta g e  o f  i n c o r r e c t  answ ers were as f o l ­
lo w s:  A d d i t io n ,  9 p e r c e n t ;  M u l t i p l i c a t i o n  I ,  22 p e r c e n t ;  D iv is io n  I ,  22
p e r c e n t ,  M u l t i p l i c a t i o n  I I ,  25 p e r c e n t ;  S u b t r a c t i o n ,  28 p e r c e n t ,  and 
D iv i s io n  I I ,  32 p e r c e n t .
Numerous types  o f  e r r o r s  were n o ted  i n  each o p e r a t i o n .  The num­
b e r  o f  ty p es  o f  e r r o r s  i n  each o p e r a t i o n  was a s  f o l lo w s :  A d d i t io n ,  17;
S u b t r a c t i o n ,  20; M u l t i p l i c a t i o n  I ,  14; M u l t i p l i c a t i o n  I I ,  16; D iv is io n  
I ,  15; and D iv is io n  I I ,  16. A lthough  th e r e  w ere many ty p e s  o f  e r r o r s  in  
each  o p e r a t io n ,  o v e r  90 p e r c e n t  o f  th e  t o t a l  number o f  e r r o r s  were
a t t r i b u t e d  t o  a p p ro x im a te ly  h a l f  th e  ty p e s  o f  e r r o r s  n o te d .
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CONCLUSIONS
On th e  b a s i s  o f  th e  d a ta  c o l l e c t e d ,  and w i t h i n  th e  l i m i t a t i o n s  
o f  the  s t u d y ,  the  fo l lo w in g  c o n c lu s io n s  seemed to  be w a r r a n te d .
C o n c lu s io n s  w i th  r e g a rd  t o  th e  method o f  p ro c e d u re  were a s  f o l ­
lows :
1 .  A n a ly s is  o f  e r r o r s  on w r i t t e n  work can  be a p r o f i t a b l e  means
o f  g a th e r in g  d a ta  f o r  p la n n in g  group and i n d i v i d u a l  i n s t r u c t i o n .
2 .  A s u b s t a n t i a l  number o f  e r r o r s  o f  u n d e te rm in ed  o r i g i n  empha­
s i z e d  a need  f o r  more thorough  a n a l y s i s  th ro u g h  i n d i v i d u a l  c o n fe ren c e  
and w o rk -a lo u d  s e s s i o n s .
C o n c lu s io n s  r e l a t i v e  to  s t u d e n t  pe rfo rm an ce  and e r r o r  a n a l y s i s  
were as f o l lo w s :
1. The v a r i a t i o n  among th e  s c o r e s  on th e  s c r e e n in g  t e s t s  i n d i ­
c a te d  t h a t  some f a c u l t i e s  o f  s c h o o ls  w ere  more p r o f i c i e n t  i n  d e v e lo p in g  
whole number c o m p u ta t io n a l  s k i l l s  th a n  o t h e r s  a l th o u g h  the  same b a s i c  
program was u t i l i z e d  th ro u g h o u t  the  sy s tem .
2 .  Numerous ty p e s  o f  e r r o r s  i n d i c a t e d  a need  f o r  i n d i v i d u a l i z e d ,  
d i a g n o s t i c a l l y  o r i e n t e d  i n s t r u c t i o n  i n  a l l  o p e r a t i o n s .
3 .  The o p e r a t io n  o f  d i v i s i o n  had n o t  advanced to  a l e v e l  where 
a m a jo r i t y  o f  the  s tu d e n t s  cou ld  f u n c t i o n  p r o f i c i e n t l y .
4 .  The t r a n s i t i o n  from th e  s u b t r a c t i v e  method to  th e  conven­
t i o n a l  m ethod i n  d i v i s i o n  had  n o t  b een  com ple ted  by many s tu d e n t s  and 
c o n t r ib u te d  t o  the  d i f f i c u l t i e s  e x p e r ie n c e d  by many who had made th e  
t r a n s i t i o n .
5 .  Evidence showed t h a t  more em phasis  sh o u ld  be p la c e d  on
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m a s te ry  o f  th e  b a s i c  co m b in a tio n s  i n  each  o p e r a t i o n .
6 . P r o c e d u ra l  e r r o r s  in  w hole number c o m p u ta t io n s  f r e q u e n t l y  
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36 7 4 0 2 9 8 36 2 9 6 7 8 4 0 1
+ 23 + 5 2 4 + 5 4 3 12 6 6 9 5 4 3 0 8
—____ + 21 + 5 7 3 2 1 5 0 6
— — — ____ + 8 + 1 0 7 + 8 0 9
13 + 4 = 17 + 8 = 6 2  + 7 = 4 6  + 5 =
Subtraction:
7 4  9 5 8  64
- 2 0  - 6 3 2  - 2 7
7 1 5  6 0
- 5 1 8  - 3 4
9 0 6 0  8 4 3 2  8 0 0 0




3 2 1  
x 3
6 0 2  
x 4






4 2 6  
x 9
7 0 8 0
8
14 3 7  59
x 10 x 20  x 4  7
8 0 0  
x 79
8 0 4 0
4 0 0
5 0 4  
x 3 0 2
3 2 9  
x 4 5 7
Page 2
Screening Test
Divirion I « 
4| 27
7 U 7 0
Dhrlrion lit
70  I 2 80
2 o l  1 6 4 0
3 1600 8 J T 4"
8 I 7 0 0 0  7 I 7 2 8 0
6 0 U 26 23 j 9 8
32 1 2 46 3  2 4 1 4 8 9 5 3
9 1 4 5 1 8
77 I 6 19
1 4 7 1 2 6 0 0 8
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DIAGNOSTIC TEST IN 
ADDITION OF WHOLE NUMBERS
Name —— — ———--------------------------------- Grade_______________________Number.
School __      T w hw  . - D ate__
A. R C.
1. 2 4  6 0  7 0
+ 3 5  + 1 4  + 2 0
3. 1 3  + 5= 12 + 7= 16 + 2 =
5. 1 8  + 9= 13 + 8= 17 + 6 =
7. 2 4  46  13
12  32  6 4
+ 5 3  + 1 0  + 2 1
9. 2 6  3 0 8  7 0 5
+ 4 7  + 1 2 9  + 2 0 8
A. B. C.
2. 7 6 0  3 4 0  6 0 4
+ 3 2 9  + 8 5 0  + 5 9 5
4. 24  + 3= 45  + 4= 83 + 6 =
6. 75 + 8= 36 + 7 -  54  + 9 =
8. 9 9 5
2 7 8
1 4 6
+ 7 5 7
—  +6  +8
10. 3 7 4  7 8 4  5 2 0
+ 5 4 0  + 1 6 5  + 2 9 0
4 2 6 6 7 9 5 0 8 12. 156  2 4 9 5 3 1 6 0 7
+ 3 9 5 + 2 6 8 + 2 9 2 7 4 3 9 8 6 4 0 9 0 4
8 0 2 2 0 7 6 1 3 6 0 9
+ 66 1 0 8 9 2 7 0 8
+ 3 2 4 2 + 6 0 0 2
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DIAGNOSTIC TEST IN 
SUBTRACTION OF WHOLE NUMBERS
Name ... ———-— — ------------------------ -—  Grade - Number.
School------------- - ------------------------------------Teacher _______________________ Date___
B.






2. 7 4 8
> 2 0 6
9 4 6
> 8 2 3
7 5 0













5. 4 2 3





6. 4 0 5 0
> 2 4 0 0
9 5 2 1
8 6 1 0
2 3 9 3
1 7 9 1
7. 4 0 0
> 1 4 2
2 6 0 0
16 05
1 0 0 4
7 2 8
8. 6 0 0 0
> 2 4 0 0
8 2 0 0 0
5 1 2 0 0
1 0 0 0 0
9 4 0 2
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DIAGNOSTIC TEST IN 
MULTIPLICATION OF WHOLE NUMBERS




1. 10  6 0  9 0 0
x 4 x 5 x 8
3. 16  3 1 8  1 0 9
x 5 x 4 x 3
5. 1 3 6  7 4 6
x 6 x 5
6, 2 8 6 4  6 2 5 7
x 3 x 8
Teacher_______________________  Date
A. B. C.
2. 23 4 0 3  2 1 2
x 3 x 2 x 3
4. 4 7 2  2 6 0  5 8 1
x 3 x 9 x 7
8 0 3  7 
x 4
1 0 3 9 4  
x 7
DIAGNOSTIC TEST IN 
MULTIPLICATION OF WIIOLE NUMBERS
Name  ____________________________________Grade________________________ Number
School  --------------------------------------------------- Teacher_________________________Date__
Part □
A. B. C. A. B. C.
1. 3 6  41 6 2 0  2. 21 3 4  3 2
x 1 0  x 5 0 x 3 0  x 13 x 21 x l 3
3. 7 0  6 0 2  9 2 0  4. 53 3 0 9  7 1 3
x S 6  x 43  x 24  x 4 8  x 36  x 6 7
5. 5 3 8  7 1 9  1 0 6 8  6. 72 1  9 0 2  5 0 0
x 4 7  x 59  x 3 2  x 4 0 0  x 7 0 0  x 3 0 0
7. 6 52
x 3 4 7
4 0 8 2  
x 6 0 5
6 0 0 0  
x 8 7 3
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DIAGNOSTIC TEST IN 




A. a  A. a
1. S P i l  9 I7i 2. 3 I 6 0 0  2 | 1 2 0 0
3. 4 I 4 8  3 ("96 4. 3 l~98 5 I 5 7
5. 8 I 6 5 3 9 nTo 6. 7 I 2 3 0 4 8 I 3 2 , 5 6 2
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DIAGNOSTIC TEST IN 
DIVISION OF WHOLE NUMBERS
Name  _______________________________________ Grade---------------------------- Number.
School ----------------------------------------------------- Teacher------------------------------ Date —
Part II:
A.
1. 10  I 7 6 0
B.
9 0  I 4 5 0
A.
2. 24  I 78
B.
31  I 2 8 1
3. 2 5 I 1 4 3 6 34  I 2 4 5 6 4. 2 4  r 10 ,0 0 0 6 7  I 3 8 , 3 0 0
5. 31  19537 4 2  I 8 6 5 1  6. 3 0 0  I 7 5 , 1 4 8 8 1 5  I 5 8 , 4 2 7
APPENDIX B 
Sequence o f D ia g n o s t i c  T e s ts
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Sequence o f  D ia g n o s t i c  T e s t s
ADDITION
Type 1* No Renaming in v o lv e d
Type 2 . No renam ing , tw o - d ig i t  sum i n  f i n a l  column
Type 3. Adding by en d in g s  i n  " t e e n s "  decade w i th o u t  b r id g in g
Type 4 . Adding by en d in g s  i n  h i g h e r  decades  w i th o u t  b r id g in g
Type 5 . Adding by en d in g s  w i th  b r id g in g  from " t e e n s "  to  tw e n t ie s
Type 6 . Adding by en d in g s  w i th  b r id g i n g  o f  h ig h e r  decades
Type 7. Adding u nseen  addend w i th o u t  renaming
Type 8 . S in g le  column a d d i t i o n  w ith  b r id g in g  and m u l t ip l e  
b r id g in g
Type 9 . Adding t w o - d i g i t  and t h r e e - d i g i t  numbers w ith  renaming 
of ones
Type 10 . A d d i t io n  w i th  renam ing o f  te n s
Type 11 . A d d i t io n  w i th  renam ing o f  ones and te n s
Type 12 . Complex column a d d i t i o n :
addends w ith  v a r y in g  number o f  d i g i t s  
renam ing i n  a l l  columns
z e ro  d i f f i c u l t i e s  in c lu d e d  in  sum and addends
SUBTRACTION
Type 1. No renam ing two d i g i t s
Type 2 . No renam ing t h r e e  d i g i t s
Type 3 .  Renaming te n s  as  ones
Type 4 .  Renaming hu n d red s  as  t e n s
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Type 5 . Renaming tw ic e
Type 6. Renaming th o u san d s  a s  hundreds
Type 7. Renaming two and t h r e e  t im es  w i th  d oub le  z e ro s  in  minuend
Type 8 . M u l t ip le  renam ing w i th  t h r e e  and f o u r  z e ro s  in  minuend
MULTIPLICATION I
Type 1. M u l t ip ly in g  m u l t i p l e s  of 10 by  o n e -p la c e  m u l t i p l i e r  
Type 2. M u l t i p l i c a t i o n  of t w o - d i g i t  and t h r e e - d i g i t  numbers by 
s i n g l e  m u l t i p l i e r  w i th o u t  renam ing 
Type 3. M u l t i p l i c a t i o n  w i th  renam ing o f ones
Type 4 . M u l t i p l i c a t i o n  w i th  renam ing o f  te n s
Type 5. Renaming tw ic e
Type 6. Renaming t h r e e  t im es
MULTIPLICATION I I
Type 1. M u l t ip ly in g  by m u l t ip l e s  o f  t e n —no renam ing
Type 2 . M u l t ip ly in g  by o t h e r  th an  m u l t i p l e s  o f  t e n — no renaming
Type 3 . Z eros  in  m u l t i p l i c a n d ,  t w o - d i g i t  f i n a l  p ro d u c t ,  no
renaming
Type 4 . Renaming once
Type 5. Renaming tw ic e
Type 6 . T h r e e - d i g i t  m u l t i p l i e r s —m u l t i p l e s  o f  100
Type 7. O th e r  t h r e e - d i g i t  m u l t i p l i e r s
DIVISION I
Type 1 D iv i s io n  w i th  rem a in d e r  ( b a s i c  f a c t s  p lu s  rem a in d er)  
Type 2 . M u l t ip le s  o f  10 and 100 as d iv id e n d —w ith o u t  rem a in d er  
Type 3 . T w o -d ig i t  q u o t i e n t —no rem a in d e r
104
Type 4 .  




Type 2 . 
Type 3 .
Type 4 .  
Type 5 . 
Type 6.
T w o -d ig i t  q u o t i e n t  w ith  rem a in d e r
T h r e e - d i g i t  d iv id e n d  w i th  hundreds  n o t  d i v i s i b l e
L a rg e r  d i v i d e n d s - - f o u r - d i g i t  and f i v e - d i g i t
D iv i s o r  m u l t ip l e  o f  10 w i th  d iv id e n d  en d in g  in  z e ro  
O ther  tw o - d ig i t  d i v i s o r s  (one and tw o -p la c e  q u o t i e n t s )  
F o u r - d i g i t  d iv id e n d ,  tw o - d i g i t  q u o t i e n t s  b u t  d i f f i c u l t  to  
e s t i m a te  due to  d i v i s o r  b e in g  n e a r  c e n te r  o f  decade 
T h r e e - d i g i t  q u o t i e n t s  w i th  z e ro s  in  d iv id e n d  
Q u o t ie n ts  w ith  ze ro s  i n  m ed ia l  p o s i t i o n s  
T h r e e - d i g i t  d i v i s o r s
APPENDIX C
P e rm is s io n  from  M arvin E. C u r t i s ,  S u p e r in te n d e n t  
o f  L iv in g s to n  P a r i s h  School Board to  conduct s tu d y .
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i t t iv w K m ti i Urinflstoa Parish School Board CLYDK E. PALMKB
TELIPHOHB H H » I  
uvmoBTON, Louisiana nn* IMdM
April 27, 1971
TO: Principals
FREM: Marvin E. C urtis , Superintendent
This w ill  introduce to  you Mr. Leslie Clyde E l l is  o f  
Walker, Louisiana. Mr. E l l is  is  an employee o f  the Livingston 
Parish School Board, currently  on leave to complete work on h is  
doctorate degree.
This i s  your authority  to  cooperate with Mr. E l l is  in  con' 
ducting te s t s  in  your school in  the s ix th  grade to  complete h is  
d is se r ta t io n  for h is  degree.
Yours very t ru ly
VITA
The w r i t e r ,  L e s l i e  Clyde E l l i s ,  was bo rn  F e b ru a ry  15, 1934 i n  
W alker, L o u i s i a n a .  He r e c e iv e d  h i s  e lem en ta ry  and seco n d a ry  e d u c a t io n  
i n  th e  p u b l i c  s c h o o ls  o f  t h a t  town, g ra d u a t in g  from W alker High School 
i n  1952.
I n  1959 he e n te r e d  S o u th e s te m  L o u is ia n a  C o lleg e  w here he m ajored  
i n  e le m e n ta ry  e d u c a t io n .  A f t e r  he r e c e iv e d  h i s  B ach e lo r  o f  A r ts  degree  
i n  1963, he a c c e p te d  a t e a c h in g  p o s i t i o n  a t  Walker E lem en ta ry  S choo l.
He r e c e iv e d  h i s  M as te r  o f  E d u c a t io n  degree  from L o u is ia n a  S t a t e  
U n i v e r s i t y  i n  J a n u a ry ,  1966 and was a p p o in te d  p r i n c i p a l  o f  Seventh  Ward 
E lem en ta ry  School th e  fo l lo w in g  Sep tem ber. He i s  p r e s e n t l y  employed in  
t h a t  p o s i t i o n .
He i s  m a r r ie d  to  th e  fo rm er B e t ty  Jo  S ib le y  and i s  th e  f a t h e r  of 
fo u r  s o n s ,  D avid , Shannon, P a t r i c k ,  and A aron.
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